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Abstract
The modulation technique for multilevel converters is a key issue for multilevel
converter control. The traditional pulse width modulation (PWM), space vector PWM,
and space vector control methods do not completely eliminate specified harmonics. In
addition, space vector PWM and space vector control method cannot be applied to
multilevel converters with unequal DC voltages. The carrier phase shifting method for
traditional PWM method also requires equal DC voltages. The number of harmonics that
can be eliminated by the selective harmonic elimination method is restricted by the
number of unknowns in the harmonic equations and available solutions.
For these reasons, this thesis develops a new modulation control method which is
referred to as the active harmonic elimination method to conquer some disadvantages for
the existing methods. The active harmonic elimination method contributes to the existing
methods because it not only generates the desired fundamental frequency voltage, but
also completely eliminates any number of harmonics without the restriction of the
number of unknowns in the harmonic equations and available solutions for the harmonic
equations. Also the active harmonic elimination method can be applied to both equal DC
voltage cases and unequal DC voltage cases. Another contribution of the active harmonic
elimination method is that it simplifies the optimal system performance searching by
making a tradeoff between switching frequency and harmonic distortion.
Experiments on an 11-level multilevel converter validate the active harmonic
elimination method for multilevel converters.
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1.

Introduction

1.1. Background
Electricity plays an important role in modern society since it was first used about
one century ago. To utilize electricity for all kinds of tasks, many different electrical and
electronic devices have been invented. Among these, the DC-AC converter is one of the
most important power electronic devices.
One of the most widely used strategies for controlling the AC output of power
electronic converters is the technique known as pulse width modulation (PWM), which
varies the duty cycle of the converter switches at a high switching frequency to achieve a
target average low-frequency output voltage or current. A traditional sine-triangle PWM
is shown in Figure1.1.
Three significantly different PWM methods for determining the converter
switching ON times have been usefully proposed for fixed-frequency modulation systems
[1]. These PWM methods are:
1. Naturally sampled PWM: Switching at the intersection of a target reference
waveform and a high-frequency carrier.
2. Regular sampled PWM: Switching at the intersection between a regularly
sampled reference waveform and a high-frequency carrier.
3. Direct PWM: Switching so that the integrated area of the target reference
waveform over the carrier interval is the same as the integrated area of the
converter switched output.
Other PWM methods are variations of these three basic PWM methods. Even the
well-known space vector modulation strategy, which is often claimed to be a completely
different modulation approach, is really just a variation of regular sampled PWM which
specifies the same switched pulse widths but places them a little differently in each
carrier interval [1].
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(b)

(a)

Figure 1.1: Sine-triangle PWM control (a) sinusoidal reference signal and triangle carrier
signal; (b) switching signal
In recent years, multilevel converters have been developed for several reasons.
1. Industry has begun to demand higher power equipment, which now reaches
the megawatt level. Controlled AC drives in the megawatt range are usually
connected to the medium-voltage network. Today, it is hard to connect a
single power semiconductor switch directly to medium voltage grids (such as
15 kV) [13].
2. Multilevel converters can solve problems with some present bi-level PWM
adjustable-speed drives (ASDs). ASDs usually employ a front-end diode
rectifier and a converter with PWM-controlled switching devices to convert
the DC voltage to variable frequency and variable voltage for motor speed
control. Motor damage and failure have been reported by industry as a result
of some ASD converters’ high-voltage change rates (dv / dt ) , which produce a
common-mode voltage across the motor windings. High-frequency switching
can exacerbate the problem because of the numerous times this common mode
voltage is impressed upon the motor each cycle. The main problems are
reported as “motor bearing failure” and “motor winding insulation
breakdown” because of circulating currents, dielectric stresses, voltage surge,
and corona discharge. The failure of some ASDs is because the voltage
2

change rate

(dv / dt )

sometimes can be high enough to induce corona

discharge between the winding layers [2].
3. With the development of modern power electronic devices, these can switch at
higher frequency and higher voltages, which can generate broadband
electromagnetic interference (EMI). Although the high-frequency switching
can increase the motor running efficiency and is well above the acoustic noise
level, the (dv / dt ) associated dielectric stresses between insulated winding
turns are also greatly increased [2].
The multilevel converter is one of the more promising techniques for mitigating
the aforementioned problems. Multilevel converters utilize several DC voltages to
synthesize a desired AC voltage. For this reason, multilevel converters can reduce

(dv / dt )

to conquer the motor failure problem and EMI problem. Multilevel converters

also have emerged as the solution for working with higher voltage levels. Multilevel
converters include an array of power semiconductors and capacitor voltage sources,
which generate output voltages with stepped waveforms. The commutation of the
switches permits the addition of the capacitor voltages, which reach high voltage at the
output, while the power semiconductors must withstand only reduced voltages.
One application for multilevel converters is distributed power systems. Multilevel
converters can be implemented using distributed energy resources such as photovoltaic
and fuel cells, and then be connected to an AC power grid. If a multilevel converter is
made to either draw or supply purely reactive power, then the multilevel converter can be
used as a reactive power compensator. For example, a multilevel converter being used as
a reactive power compensator could be placed in parallel with a load connected to an AC
system. This is because a reactive power compensator can help to improve the power
factor of a load [14].
Another application for multilevel converters is to interconnect different power
grids. For example, two diode-clamped multilevel converters can be used to produce such
a system. One multilevel converter acts as a rectifier for the utility interface. The other
multilevel converter acts as an converter to supply the desired AC load. Such a system
can be used to connect two asynchronous systems and acts as a frequency changer, a
3

phase shifter, or a power flow controller.
1.2. Problem Statement
For many power converter applications, it is desirable for the converter to output a
desired waveform with minimum distortion. For example, a DC-AC converter is desired
to output a purely sinusoidal waveform. But for the practical converters, they can just
output a series of rectangular waves. The key issues for the control of the converters are
to get the modulation methods to control the output rectangular waves to synthesize the
desired waveforms. Therefore, a modulation control method needs to generate desired
fundamental frequency voltage and eliminate other higher order harmonics as much as
possible.
After Jean Baptiste Joseph Fourier (1768 – 1830) discovered the Fourier Series, it
is possible to represent periodic functions by an infinite sum of trigonometric functions
that are harmonically related. In other words, each trigonometric term in this infinite
series has a frequency equal to an integer multiple of the fundamental frequency of the
original periodic function. To express these ideas in mathematical form, Fourier showed
that a periodic function f (t ) could be expressed as
∞

f ( t ) = a 0 + ∑ c n cos (2π nf o t + ϕ n )

(1.1)

n =1

where n is the set of integer numbers 1,2,3,…, ∞ , and ϕn is the initial phase for the

n th harmonic.
In (1.1), a 0 and c n are called the Fourier coefficients.

These terms are

determined from f (t ) . The term f o is the fundamental frequency of the periodic
function f (t ) . The integer multiples of f o , such as 2 f o and 3 f o , are known as the
harmonic frequencies of f (t ) . Therefore, the term nf o is the n th harmonic of f (t ) .
Today, the Fourier transformation method has been used to develop all kinds of
modulation methods.
The most popular modulation method for bi-level converters is the PWM method.
Traditional PWM methods employ switching frequencies on the order of several kHz.
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The traditional PWM methods employ much higher switching frequencies for two
reasons. The first reason concerns harmonics. Undesirable harmonics occur at much
higher frequencies. Thus, filtering is much easier and less expensive. The second reason
concerns audible noise. Several kHz is well above the acoustic noise level. Also, if the
generated high frequency harmonics are above the bandwidth of some actual systems,
there is no power dissipation due to these harmonics [14].
But as mentioned above, traditional PWM schemes have the inherent problems of
producing electromagnetic interference (EMI). Rapid changes in voltages (dv / dt ) are a
source of EMI. The presence of a high dv / dt can cause damage to electrical motors. A
high dv / dt produces common-mode voltages across the motor windings. Furthermore,
higher switching frequencies can make this problem worse due to the increased number
of times these common-mode voltages are applied to the motor during each fundamental
cycle. Problems such as motor bearing failure and motor winding insulation breakdown
can result due to circulating currents and voltage surges [2]. Also, long current-carrying
conductors connecting equipment can result in a considerable amount of EMI.
Multilevel converters inherently tend to have a smaller dv / dt due to the fact that
switching involves several smaller voltages. Furthermore, switching at the fundamental
frequency will also result in decreasing the number of times these voltage changes occur
per fundamental cycle.
The key issue for multilevel converter modulation is the harmonics elimination.
The multilevel fundamental switching method inherently provides the opportunity to
eliminate certain higher order harmonics by varying the times at which certain switches
are turned “on” and turned “off”, which is also called varying the switching angles.
Harmonic elimination is performed for several reasons. The first reason is harmonics are
a source of EMI. Without harmonic elimination, designed circuits would need more
protection in the form of snubbers or EMI filters [14]. As a result, designed circuits
would cost more. The second reason is that EMI can interfere with control signals used to
control power electronics devices and radio signals. The third reason is that harmonics
can create losses in power equipment. For example, harmonic currents in an electrical
induction motor will dissipate power in the motor stator and rotor windings. There will
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also be additional core losses due to harmonic frequency eddy currents. The fourth reason
is that harmonics can lower the power factor of a load. Increased harmonic content will
decrease the magnitude of the fundamental relative to the magnitude of the entire current.
As a result, the power factor would decrease [14].
It was mentioned earlier that an increase in the number of DC voltages in a
multilevel converter results in a better approximation to a sinusoidal waveform.
Furthermore, the increased number of DC voltages provides the opportunity to eliminate
more harmonic contents. Eliminating harmonic contents will make it easier to filter the
remaining harmonic content. As a result, filters will be smaller and less expensive.
The second advantage of multilevel converters concerns switch ratings. Since
multilevel converters usually utilize a large number of DC voltages, several switches are
required to block smaller voltages. Since switch stresses are reduced, required switch
ratings are lowered.
The third advantage of multilevel converters concerns system reliability. If a
component fails on a multilevel converter, most of the time the converter will still be
usable at a reduced power level. Furthermore, multilevel converters tend to have
switching redundancies. In other words, there might be more than one way to produce
the desired voltage [14].
The fourth advantage of multilevel converters concerns application practicality.
As an example, consider designing a converter for a large HEV. Such an application
would require excessively large components to deal with the relatively large working
voltages and currents. These large components are expensive, bulky, and generally not
reliable.

However, multilevel converters allow for the utilization of smaller, more

reliable components.
One disadvantage of multilevel converters is that they require more devices than
traditional converters. The system cost may increase (part of the increased cost may be
offset by the fact switches with lower ratings are being used). Using more devices also
means the probability of a system failure will increase.
Another disadvantage of multilevel converters concerns control of the switches.
The increased number of switches will result in more complicated control.
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There are four kinds of control methods for multilevel converters. They are the
selective harmonic elimination method, space vector control method, traditional PWM
control method and space vector PWM method. The traditional PWM, space vector
PWM and space vector modulation methods cannot completely eliminate harmonics.
Another disadvantage is space vector PWM and space vector modulation methods can
not be applied to multilevel converters with unequal DC voltages. The carrier phase
shifting method for traditional PWM method also requires equal DC voltages. Until now,
the number of harmonics the selective harmonic elimination method can eliminate is not
more than the number of the switching angles in the transcendental equations. Due to the
difficulty of solving the transcendental equations, real-time control of multilevel
converters with unequal DC voltages is impossible now. No such method can be used to
directly compute the output voltage pulses to eliminate any number of the harmonics
without any restriction of the number of unknowns in the harmonic equations and
available solutions for the equations.
For these reasons, in this thesis, a new modulation control method for multilevel
converters is developed and referred to as the active harmonic elimination method.
The active harmonic elimination method contributes to the existing methods on it
not only generates the desired fundamental frequency voltage, but also completely
eliminates any number of the specified harmonics without the restriction of the number of
unknowns in the harmonic equations and available solutions for the harmonic equations.
Also the active harmonic elimination method can be applied to both equal DC voltage
cases and unequal DC voltage cases. The method is referred to as the active harmonic
elimination method because the converter itself can eliminate a specific harmonic. For a
traditional bi-level converter, to eliminate a specific harmonic in the output voltage, a
specific filter is required.
The second contribution of the active harmonic elimination method is it expands
the scope of the traditional selective harmonic elimination method. In a traditional
selective harmonic elimination method, the number of harmonics to be eliminated is
limited by the unknowns in the harmonic equations and available solutions. If there are
no solutions for some modulation index range, the traditional selective harmonic
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elimination cannot be used. But for the active harmonic elimination method, if the
harmonic equations have no solutions for a set of harmonics, they may have solutions for
other sets of harmonics. The cost is just additional switchings.
The third contribution of the active harmonic elimination method is that it
simplifies the optimal system performance searching by making a tradeoff between
switching frequency and harmonic distortion since it can vary its switching frequency for
different modulation indices.
The thesis is arranged as follows:
Chapter 2 presents a summary of the existing literature and the state-of–art in
multilevel converter topologies and control technologies. The advantages and
disadvantages of various multilevel converter topologies and control technologies are
discussed. At the end of the chapter, a summary of “what is already done” and “what
needs to be done next” will be given.
Chapter 3 explains the resultant method used to eliminate the low order harmonics
for a multilevel converter, and develops the Newton Climbing method to eliminate higher
order harmonics based on the harmonics elimination theory. The triplen harmonic
compensation method to extend the modulation index range and decrease the required
DC voltage level number is developed in this chapter, too.
Chapter 4 presents the active harmonic elimination method for equal DC voltage
cases.
Chapter 5 extends the active harmonic elimination method for multilevel
converters with unequal DC voltages.
Chapter 6 optimizes the active harmonic elimination method and improves its
control performance. It can be seen in this chapter that the active harmonic elimination
method dramatically expands the scope of the traditional selective harmonic elimination
method.
Chapter 7 presents implementation of the active harmonic elimination method on
an 11-level multilevel converter. Experiments validate the active harmonic elimination
method.
Chapter 8 concludes the thesis’s work and gives future research directions.
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2.

Literature Survey

In the previous chapter, the advantages and disadvantages of multilevel converters
have been summarized briefly. Before going into system level studies, more information
on the topologies and modulation techniques of multilevel converters is required to
understand the systems research better. In this chapter, the present topologies and
modulation techniques will be reviewed. Finally, a summary of previous research will be
given and the remaining research work will be discussed.
2.1. Introduction
There are three main types of multilevel converters: diode-clamped, capacitorclamped, and cascaded H-bridges [13]. The detailed advantages and disadvantages of the
three multilevel converters will be discussed in this chapter.
Modulation techniques that have been proposed include traditional PWM method,
space vector PWM method, space vector control method, and selective harmonics
elimination method [13].
Applications that have been proposed include multilevel rectifiers, DC/DC
converters, large motor drives, distributed energy applications (such as static volt-ampere
reactive (VAR) compensation), back-to-back high-voltage intertie, and adjustable speed
drives (ASD) [13].
2.2. Topology of Multilevel Converters
2.2.1. Diode-Clamped Converter
The simplest diode-clamped converter is commonly known as the neutral point
clamped converter (NPC) which was introduced by Nabae et al. [4]. The NPC consists of
two pairs of series switches (upper and lower) in parallel with two series capacitors where
the anode of the upper diode is connected to the midpoint (neutral) of the capacitors and
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its cathode to the midpoint of the upper pair of switches; the cathode of the lower diode is
connected to the midpoint of the capacitors and divides the main DC voltage into smaller
voltages, which is shown in Figure 2.1. In this example, the main DC voltage is divided
into two. If the point O is taken as the ground reference, the three possible phase voltage
outputs are -1/2 Vdc , 0, or 1/2 Vdc . The line-line voltages of two legs with the capacitors
are: Vdc , 1/2 Vdc , 0, -1/2 Vdc or – Vdc . To generate a three-phase voltage, three phases are
necessary.
The five-level output voltage can be generated by controlling the switches. Table
2-1 shows the proper switching states. The switches (Sa1 and Sa’1) and (Sa2 and Sa’2) are
complementary pairs. When Sa1 is on (Sa1 = 1), Sa’1 is off (Sa’1 = 0). Other switch pairs are
similar.
Figure 2.2 shows a two-phase diode-clamped multilevel converter.
Some disadvantages of the diode-clamped multilevel converter may be observed.
Using extra diodes in series becomes impractical when the number of levels m increases,
requiring (m-1)(m-2) diodes per phase if all the diodes have equal blocking voltages.
Note that the voltages for diodes in different positions are not balanced. For example,
diode Da2 must block two capacitor voltages, Da(m-2) must block (m-2) capacitor voltages.
Also, the switch duty cycle is different for some of the switches requiring different
current ratings. In addition, the capacitors do not share the same discharge or charge
current resulting in a voltage imbalance of the series capacitors. The capacitor voltage
imbalance can be controlled by using a back-to-back topology, connecting resistors in
parallel with capacitors, or using redundant voltage states [4].
The advantages for the diode-clamped converter are the following:
(1) A large number of levels yields a small harmonic distortion.
(2) All phases share the same DC bus.
(3) Reactive power flow can be controlled.
(4) Control is simple.
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Figure 2.1: Neutral point diode-clamped converter
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Figure 2.2: Two-phase diode-clamped multilevel converter
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Table 2.1: Switch states and the output voltages for diode-clamped multilevel converter

Sa1

Sa2

Sa’1

Sa’2

Sb1

Sb2

Sb’1

Sb’2

Vao

Vbo

Vab

0

0

1

1

1

1

0

0

-1/2 Vdc

1/2 Vdc

- Vdc

0

0

1

1

0

1

1

0

-1/2 Vdc

0

-1/2 Vdc

1

1

0

0

1

1

0

0

1/2 Vdc

1/2 Vdc

0

0

0

1

1

0

0

1

1

-1/2 Vdc

-1/2 Vdc

0

0

1

1

0

0

0

1

1

0

-1/2 Vdc

1/2 Vdc

1

1

0

0

0

0

1

1

1/2 Vdc

-1/2 Vdc

Vdc

The disadvantages are the following:
(1) Different voltage ratings for clamping diodes are required.
(2) Real power flow is difficult because of the capacitors’ imbalance.
(3) Different current ratings for switches are required due to their conduction duty
cycle.

2.2.2. Capacitor-Clamped Converter
The capacitor-clamped multilevel converter or flying-capacitor converter [6], [12]
is similar to the diode-clamped topology, which is shown in Figure 2.3. However, the
capacitor-clamped multilevel topology allows more flexibility in waveform synthesis and
balancing voltage across the clamped capacitors. For a three-level capacitor-clamped
multilevel converter, if the O point is taken as the ground reference, a single phase can
produce three output levels (-1/2 Vdc , 0 and 1/2 Vdc ). Likewise for the diode-clamped
converter structure, a three-phase converter needs three phases.
The advantages of the capacitor-clamped multilevel converter are:
(1) Large m allows the capacitors extra energy during long discharge transient.
(2) Flexible switch redundancy for balancing different voltage levels
(3) A large number of levels yields a small harmonic distortion.
(4) Active and reactive power flow can be controlled.
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Figure 2.3: Topology of a capacitor-clamped multilevel converter
The disadvantages are:
(1) Large number of capacitors are bulky and more expensive than the clamping
diodes used in the diode-clamped multilevel converter.
(2) Control for maintaining the capacitors’ voltage balance is complicated.
(3) Poor switching utilization and efficiency for real power transmission.
Table 2.2 shows the possible switch combinations to generate the five-level
output waveform. An output voltage can be produced by using different combinations of
switches. The topology allows increased flexibility in how the majority of the voltage
levels may be chosen. In addition, the switches may be chosen to charge or discharge the
clamped capacitors, which balance the capacitor voltage.
The general m -level capacitor-clamped multilevel converter has an m-level
output phase voltage. Thus, two phases would produce a (2m − 1) level output voltage, or

line voltage, which is shown in Figure 2.4. Similar to the diode-clamped multilevel
converter, the capacitors have different ratings. These capacitors result in a bulky, and
expensive converter when compared to the diode-clamped converter.
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Table 2.2: Switch states and the output voltages for capacitor-clamped multilevel

converter
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Figure 2.4: Two-phase capacitor-clamped multilevel converter
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Vab
-

2.2.3. Cascaded H-bridge Converter

A cascaded H-bridge converter is several H-bridges in series configuration [2],
[7], [8], [12]. A single H-bridge is shown in Figure 2.5.
A single H-bridge is a three-level converter. The four switches S1, S2, S3 and S4
are controlled to generate three discrete outputs Vout with levels Vdc , 0 and - Vdc . When S1
and S4 are on, the output is Vdc ; when S2 and S3 are on, the output is – Vdc ; when either
pair S1 and S2 or S3 and S4 are on, the output is 0.
A H-bridge cascaded multilevel converter with s separate DC sources is shown
in Figure 2.6.
A staircase sinusoidal waveform can be generated by combining specified output
levels, which is shown in Figure 2.7. The number of output phase voltage levels m in a
cascade converter with s separate DC sources is m = 2 s + 1 .
Load balance control for each H-bridge and each DC source can be acquired by rotating
the switching angles to the H-bridges [2].
The advantages for cascaded multilevel H-bridge converter are the following:
(1) The series structure allows a scalable, modularized circuit layout and
packaging due to the identical structure of each H-bridge.
(2) No extra clamping diodes or voltage balancing capacitors is necessary.

S1

S2
+

Vdc

S3

Vout

S4

Figure 2.5: Single H-bridge topology
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Figure 2.6: H-bridge cascaded multilevel converter with s separate DC sources
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Figure 2.7: Staircase sinusoidal waveform generated by H-bridge cascaded multilevel
converter

(3) Switching redundancy for inner voltage levels is possible because the phase
voltage is the sum of each bridge’s output.
The disadvantage for cascaded multilevel H-bridge converter is the following:
(1) Needs separate DC sources;
Another kind of cascaded multilevel converters with transformers using standard
three-phase bi-level converters has recently been proposed [8]. The circuit is shown in
Figure 2.8. The converter uses output transformers to add different voltages. In order for
the converter output voltages to be added up, the outputs of the three converters need to
be synchronized with a separation of 120° between each phase. For example, obtaining a
three-level voltage between outputs a and b, the output voltage can be synthesized by Vab
= Va1-b1+Vb1-a2+Va2-b2. An isolated transformer is used to provide voltage boost. With
three converters synchronized, the voltages Va1-b1, Vb1-a2, Va2-b2, are all in phase; thus, the
output level can be tripled [13].
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Figure 2.8: Cascaded multilevel converter with transformers using standard three-phase
bi-level converters

The advantage for the cascaded multilevel converters with transformers using
standard three-phase bi-level converters is the three converters are identical. So control
would be simple. The topology has two disadvantages. The first is the three converters
need separate DC sources; the second is it needs a transformer to add up the output
voltages.

2.2.4. Cascaded DC Sources Multilevel Converter and Cascaded Transformers
Multilevel Converter

There are other kinds of topologies for multilevel converters. Figure 2.9 is a
cascaded DC sources multilevel converter [16]. The states of the switches Sia and Sib
decide if the level is to be connected into the circuit. If Sia is ON, Sib is OFF: this level is
connected into the circuit. If Sia is OFF, Sib is ON: this level is disconnected from the
circuit. This topology is proposed for fuel cell applications. The output voltage of a fuel
cell will decrease when the load increases, therefore control of the fuel cell number
connected into the circuit can keep the output voltage constant [16].
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Figure 2.9: Topology of cascaded DC sources multilevel converters
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The advantage of the topology is it can reduce the input voltage ripple for the output
converter.
Another topology for multilevel converters is the cascaded transformer multilevel
converter [15], which is shown in Figure 2.10.
This topology uses a single DC source and several transformers to generate high
voltage output. The topology is similar to topology of the cascaded H-bridge multilevel
converters [15].
The advantage for the topology is the system is simple and the converters could
be identical. Therefore the control would be simple. Another advantage is that a single
common DC voltage source is used. The disadvantage is that the system needs output
transformers to add up the output voltages.

O utput

INVERTER
1

INVERTER
2

IN VER TER
n

V dc

Figure 2.10: Topology of cascaded transformers multilevel converters
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2.2.5. Generalized Multilevel Topology

Existing multilevel converters such as diode-clamped and capacitor-clamped
multilevel converters can be derived from the generalized converter topology called P2
topology proposed by Peng [9], which is shown in Figure 2.11. Moreover, the
generalized multilevel converter topology can balance each voltage level by itself
regardless of load characteristics, active or reactive power conversion, and without any
assistance from other circuits at any number of levels automatically. Thus, the topology
provides a complete multilevel topology that embraces the existing multilevel converters
in principle.
Figure 2.11 shows the P2 multilevel converter structure per phase leg. Each
switching device, diode, or capacitor’s voltage is 1 Vdc , i.e., 1/(m-1) of the DC-link
voltage. Any converter with any number of levels, including the conventional bi-level
converter can be obtained using this generalized topology [13].

V dc

V dc

V dc

V dc
V dc

V dc
V dc

V dc

Vo

V dc

V dc

2 - le v e l

V dc

3 - le v e l

V dc

V dc

4 - le v e l
V dc

5 - le v e l
V dc

B a s ic c e ll
n - le v e l

Figure 2.11: Generalized P2 multilevel converter topology
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2.2.6. Mixed-Level Hybrid Multilevel Converter

To reduce the number of separate DC sources for high-voltage, high-power
applications with multilevel converters, diode-clamped or capacitor-clamped converters
can be used to replace the full-bridge cell in a cascaded converter [10]. An example is
shown in Figure 2.12. The nine-level cascade converter incorporates a three-level diodeclamped converter as the cell. The original cascaded H-bridge multilevel converter
requires four separate DC sources for one phase leg and twelve for a three-phase
converter. If a five-level converter replaces the full-bridge cell, the voltage level is
effectively doubled for each cell. Thus, to achieve the same nine voltage levels for each
phase, only two separate DC sources are needed for one phase leg and six for a threephase converter.
The configuration has mixed-level hybrid multilevel units because it embeds
multilevel cells as the building block of the cascade converter.
The advantage of the topology is it needs less separate DC sources. The
disadvantage for the topology is its control will be complicated due to its hybrid
structure.

2.2.7. Unequal DC Sources Multilevel Converter

For some applications, it is possible to have different voltage levels among the
cells [11]. Therefore the circuit can be called an unequal DC sources multilevel
converter. The voltage levels depend on the availability of DC sources. This feature
allows more possible output voltage levels to be produced, and thus it is possible to
reduce the harmonic contents with less cascade cells required. For example, in Figure
2.13, Vdc1 , Vdc 2 ,… Vdcs can be different from each other. This kind of topology is also
called asymmetric cascade multilevel converters [13].
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Figure 2.12: Mixed-level hybrid unit configuration using the three-level diode-clamped
converter as the cascaded converter cell to increase the voltage levels
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Figure 2.13: Unequal DC sources multilevel converter
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Although it is possible to reduce the harmonic contents with less cascaded cells
required for unequal DC sources multilevel converters, the control for unequal DC
sources multilevel converters is very complicated. Until now, most of the available
control methods are for equal DC sources multilevel converters. This is its main
disadvantage.
2.2.8. Soft-Switched Multilevel Converter

Several soft-switching methods can be implemented for different multilevel converters to
reduce the switching loss and to increase efficiency. For the cascaded converter, because
each converter cell is a bi-level circuit, the implementation of soft switching is not at all
different from that of conventional bi-level converters. For capacitor-clamped or diodeclamped converters, soft-switching circuits have been proposed with different circuit
combinations. One of them is zero-voltage-switching types including auxiliary resonant
commutated pole (ARCP), coupled inductor with zero-voltage transition (ZVT), and their
combinations. [13].
2.3. Control and Modulation Techniques of Multilevel Converters
2.3.1. Classification of Modulation Strategies

The modulation methods used in multilevel converters can be classified according
to switching frequency [13], [24], [25], as shown in Figure 2.14. Methods that work with
high switching frequencies have many commutations for the power semiconductors in
one cycle of the fundamental output voltage.
The popular methods for high switching frequency methods are classic carrierbased sinusoidal PWM (SPWM) [7], [26] and space vector PWM. The popular methods
for low switching frequency methods are space vector modulation (SVM) method and
selective harmonic elimination method.
A very popular method with high switching frequency in industrial applications is
the classic carrier-based sinusoidal PWM (SPWM) that uses the phase-shifting technique
to increase the effective switching frequency. Therefore, the harmonics in the load
voltage can be reduced [27].
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Figure 2.14: Classification of multilevel modulation methods

Another interesting method is the SVM strategy [24], which has been used in
three-level converters. Methods that work with low switching frequencies generally
perform one or two commutations of the power semiconductors during one cycle of the
output voltages to generate a staircase waveform. Representatives of this family are the
multilevel selective harmonic elimination [30], [31] based on elimination theory [3], [28],
[29] and the space-vector control (SVC) [32].
2.3.2. Multilevel SPWM

Multilevel SPWM usually needs multiple carriers. Each DC source needs its own
carrier. Several multi-carrier techniques have been developed to reduce the distortion in
multilevel converters, based on the classical SPWM with triangular carriers. Some
methods use carrier disposition and others use phase shifting of multiple carrier signals
[12], [26], [33], [34].
This common SPWM method is the extension of bi-level SPWM. One reference
signal is used to compare to the carriers. This can be shown in Figure 2.15 (a). If the
reference signal is higher than the carrier, the corresponding converter cell outputs
positive voltage; otherwise, the corresponding converter cell outputs negative voltage.
The output voltage of the converter is shown in Figure 2.15 (b).
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(a)

(b)

Figure 2.15: Multi-carrier control (a) control signal and carrier signals; (b) output
voltage

A number of cascaded cells in one phase with their carriers shifted by an angle
and using the same control voltage produce a load voltage with the smallest distortion
[27]. The effect of this carrier phase-shifting technique can be clearly observed in Figure.
2.16. This result has been obtained for the multi-cell converter in a seven-level
configuration, which uses three series-connected cells in each phase. The smallest
distortion is obtained when the carriers are shifted by an angle of 120°. A very common
practice in industrial applications for the multilevel converter is the injection of a third
harmonic in each cell to increase the output voltage [7], [10]. Another advantageous
feature of multilevel SPWM is that the effective switching frequency of the load voltage
is much higher than the switching frequency of each cell, as determined by its carrier
signal.
The advantage of the method is it is very simple. But it has two disadvantages.
The first is the method cannot completely eliminate the low order harmonics. Therefore
the low order harmonics cause loss and high filter requirements. The second is the high
switching frequency causes high switching loss and low efficiency.
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(a)

(b)

(c)
Figure 2.16: Output voltage with carrier phase shift (a) phase shift 0°; (b) phase shift
90°; (c) phase shift 120°
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2.3.3. Space Vector PWM Modulation

The space vector PWM modulation technique is popular for bi-level PWM
converter control. It can be extended to multilevel converters [35]-[41]. Figure. 2.17
shows space vectors for the traditional three-, five-, and seven-level converters. These
vector diagrams are universal regardless of the topology of multilevel converter.
Therefore it can be used for diode-clamped, capacitor-clamped, or cascaded converters.
The adjacent three vectors can synthesize a desired voltage vector by computing the duty
cycle for each vector according to the following:
r
r
r
r * T jV j + T j +1V j +1 + T j + 2V j + 2
V =
T

(2.1)

Space-vector PWM methods generally have the following advantages:
(1). Good utilization of DC-link voltage, low current ripple.
(2). Control is relatively easy, the hardware implementation can be easy by a
digital signal processor (DSP).
These advantages make it popular for converter control. But one disadvantage is
as the number of levels increases, redundant switching states and the complexity of
selecting switching states increase dramatically [13]. Another disadvantage is it cannot
completely eliminate the low order harmonics.
To conquer the computation difficulty, some authors have used decomposition of
the five level space-vector diagram into two three-level space-vector diagrams with a
phase shift to minimize ripples and simplify control [38].
Additionally, a simple space-vector selection method, which was called spacevector control method, is introduced for multilevel converter control without duty cycle
computation of the adjacent three vectors.

2.3.4. Space Vector Control

A conceptually different control method for multilevel converters, based on the
space-vector theory, has been introduced, which is called space vector control (SVC)
[25].
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(a)

(b)

(c)
Figure 2.17: Space vector diagram (a) three-level; (b) five-level; (c) seven-level
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The control strategy works with low switching frequencies but does not generate
the mean value of the desired load voltage in every switching interval, which is the
principle of space-vector PWM method. Figure. 2.18 shows the 311 different space
vectors generated by a 21-level converter. The reference load voltage vector is also
included in this figure. The key idea in SVC is to deliver to the load a voltage vector that
minimizes the space error or distance to the reference vector. The high density of vectors
produced by the 11-level converter will generate only small errors in relation to the
reference vector; it is, therefore, unnecessary to use a more complex modulation method
involving the three vectors adjacent to the reference. The hexagon of Figure 2.18 is the
boundary of highest proximity, when the reference voltage is located in this area, the
vector can be selected. Then the vector that has the greatest proximity to the reference is
chosen. This method is simple and attractive for high number of levels. The advantages
of SVC are the computation is very easy and the switching frequency is very low, near
the fundamental switching frequency. But the disadvantage is as the number of levels
decreases, the error in terms of the generated vectors with respect to the reference will be
higher [13].

Figure 2.18: 21-level space vectors

32

2.3.5. Selective Harmonic Elimination

The popular selective harmonic elimination method is also called fundamental
switching frequency method which is based on the harmonic elimination theory
developed by Patel et al [28][29]. As shown in Figure. 2.7, a multilevel converter can
produce a quarter-wave symmetric stepped voltage waveform synthesized by several DC
voltages [2].
By applying Fourier series analysis, the output voltage can be expressed as
V (t ) =

∞

4
(V1 cos(nθ 1 ) + V2 cos(nθ 2 ) + ... + Vs cos(nθ s )) sin( nωt )
n =1, 3, 5... nπ

∑

where s is the number of DC sources, and V1 , V2

…

(2.2)

Vs are the level of DC voltages. The

switching angles must satisfy the condition 0 < θ1 < θ 2 < L < θ s <

π
2

. However, if the

switching angles do not satisfy the condition, this method no longer exists. If
V1 = V2 = ... = Vs , this is called equal DC voltages case. To minimize harmonic distortion

and to achieve adjustable amplitude of the fundamental component, up to s-1 harmonic
contents can be removed from the voltage waveform. In general, the most significant
low-frequency harmonics are chosen for elimination by properly selecting angles among
different level converters, and high-frequency harmonic components can be readily
removed by using additional filter circuits. To keep the number of eliminated harmonics
at

a

constant

level,

0 < θ1 < θ 2 < L < θ s <

π
2

all

switching

angles

must

satisfy

the

condition

, or the total harmonic distortion (THD) increases dramatically.

Due to this reason, this modulation strategy basically provides a narrow range of
modulation index, which is one of its disadvantages [13].
In order to achieve a wide range of modulation indexes with minimized THD for
the synthesized waveforms, a generalized selective harmonic modulation method [30],
[31] was proposed, which is called virtual stage PWM [14]. An output waveform is
shown in Figure 2.19.
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Figure 2.19: Output waveform of virtual stage PWM control

By applying Fourier series analysis, the output voltage can be expressed as
V (t ) =

∞

4
(V1 cos(nθ 1 ) ± V2 cos(nθ 2 ) ± V3 cos(nθ 3 ) ± ... ± Vs cos(nθ s )) sin( nωt )
n =1, 3, 5... nπ
(2.3)

∑

where s is the number of switching angles, and V1 , V2

…

Vs are the level of DC voltages.

In this expression, the positive sign implies the rising edge, and the negative sign implies
the falling edge. Similar to the fundamental switching frequency method, the switching
angles must satisfy the condition 0 < θ1 < θ 2 < L < θ s <

π
2

. However, if the switching

angles do not satisfy the condition, this method no longer exists.
Therefore, the modulation control problem is converted into a mathematic
problem to solve the following equations for a three-phase system. Here, m is modulation
index.
V1 cos(θ1 ) ± V2 cos(θ 2 ) ± V3 cos(θ 3 ) ± ... ± Vs cos(θ s ) = m
V1 cos(5θ1 ) ± V2 cos(5θ 2 ) ± V3 cos(5θ 3 ) ± ... ± Vs cos(5θ s ) = 0
M

V1 cos(nθ1 ) ± V2 cos(nθ 2 ) ± V3 cos(nθ 3 ) ± ... ± Vs cos(nθ s ) = 0
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(2.4)

The Virtual Stage PWM is a combination of Unipolar Programmed PWM and
fundamental frequency switching scheme [14]. The output waveform of Unipolar
Programmed PWM is shown in Figure 2.20. When Unipolar Programmed PWM is
employed on a multilevel converter, typically one DC voltage is involved, where the
switches connected to the DC voltage are switched “on” and “off” several times per
fundamental cycle. The switching pattern decides what the output voltage waveform
looks like.
When the multilevel fundamental switching method is used, all of the DC
voltages are typically involved, where all of the switches are turned “on” and “off” only
once per fundamental cycle. The multilevel fundamental switching method also refers to
exactly one switching pattern.
For fundamental switching frequency method, the number of switching angles is
equal to the number of DC sources. However, for the Virtual Stage PWM method, the
number of switching angles is not equal to the number of DC voltages. For example, in
Figure 2.19, only two DC voltages are used, whereas there are four switching angles.

Vdc

3T/2
0

T/4

θ1 θ 2 θ 3

T

T/2

-Vdc

Figure 2.20: Unipolar switching output waveform
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t

Bipolar Programmed PWM and Unipolar Programmed PWM could be used for
modulation indices too low for the applicability of the multilevel fundamental frequency
switching method. Virtual Stage PWM can also be used for low modulation indices.
Virtual Stage PWM will produce output waveforms with a lower THD most of the time
[14]. Therefore, Virtual Stage PWM provides another alternative to Bipolar Programmed
PWM and Unipolar Programmed PWM for low modulation index control.
The major difficulty for selective harmonic elimination methods, including the
fundamental switching frequency method and the Virtual Stage PWM method, is to solve
the transcendental equations (2.4) for switching angles. Newton’s method can be used to
solve equations (2.4), but it needs good initial guesses, and solutions are not guaranteed.
Therefore, Newton’s method is not feasible to solving equations for large number of
switching angles if good initial guesses are not available.
Recently, the resultant method [19], [20] has been proposed to solve the
transcendental

equations

for

switching

angles.

The

transcendental

equations

characterizing the harmonic content can be converted into polynomial equations.
Elimination theory (using resultants) has been employed to determine the switching
angles to eliminate specific harmonics, such as the 5th, 7th, 11th, and the 13th. However, as
the number of DC voltages or the number of switching angle increase, the degrees of the
polynomials in these equations are large, and one reaches the limitations of the capability
of contemporary computer algebra software tools (e.g., Mathematic or Maple) to solve
the system of polynomial equations by using elimination theory [21].
2.4. Balance Control Problems in Multilevel Converters

The diode-clamped multilevel converter could not have balanced voltages for real
power conversion without sacrificing output voltage performance. Thus, diode-clamped
multilevel converters are suggested to be applied to reactive and harmonic compensation
to avoid the voltage balancing problem [42]. The voltage unbalance problem could be
solved by using a back-to-back rectifier/converter system and proper voltage balancing
control [43]. Other references [44]-[46] suggested the use of additional voltage balancing
circuits, such as DC choppers, etc.
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The capacitor-clamped structure was originally proposed for high-voltage DC/DC
conversions. It is easy to balance the voltages for such applications because the load
current is DC. For the capacitor-clamped multilevel converter, voltage balancing is
relatively complicated [5], [47]. It has been shown theoretically that the capacitorclamped converter cannot have self-balanced voltage when applied to power conversion
in which no real power is involved, such as reactive power compensation [13].
When the cascaded multilevel converter was introduced for motor drive
applications, an isolated and separate DC source was needed for each H-bridge cell [7].
However, another paper presented the idea of using cascade multilevel converter for
reactive and harmonic compensation, from which isolated DC sources can be omitted
[42]. Additional work further demonstrated that the cascaded converter is suitable for
universal power conditioning of power systems [22], [23]. The converter provides lower
costs, higher performance, less EMI, and higher efficiency than the traditional PWM
converter for power line conditioning applications, both series and parallel compensation.
Although the cascaded converter has an inherent self-balancing characteristic, a slight
voltage imbalance can occur because of the circuit component losses and limited
controller resolution. A simple control method, which ensures DC voltage balance, has
been proposed for reactive and harmonic compensation [13], [43].
2.5. The Next Steps

As discussed above, there are four popular modulation methods for multilevel
converter control, space vector control method, selective harmonic elimination method,
space vector PWM method and sinusoidal PWM method. Among these methods, space
vector control method, space vector PWM method, and sinusoidal PWM method cannot
completely eliminate the specified harmonics. Only selective harmonic elimination
method can completely eliminate the specified harmonics. The space vector PWM
method and sinusoidal PWM method will cause high switching loss and low efficiency
due to the high switching frequency.
A disadvantage for the space vector PWM method and the space vector control
method is that they cannot be applied to multilevel converters with unequal DC voltages.
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The carrier phase shifting method for traditional PWM method also requires equal DC
voltages. Until now, the number of harmonics the selective harmonics elimination
method can eliminate is not more than the number of the unknowns in the equations, and
the solutions are not available for the whole modulation index range. No such methods
can be used to directly compute the output voltage pulses to eliminate the specified
harmonics without any restriction of the number of the unknowns in the harmonic
equation. Due to the difficulty of solving the transcendental equations, real-time control
of multilevel converters with unequal DC voltage case is impossible now.
For these reasons, this dissertation focuses on the multilevel converter modulation
control to completely eliminate any number of the specified harmonics, and this method
can be applied to the whole modulation range under equal DC voltage case or unequal
DC voltage case. The proposed method is called active harmonic elimination method
because the harmonics are not filtered out by a passive output filter. This method also can
be called computed PWM method because the output voltage pulses are directly
computed.
Although the proposed method is based on harmonic elimination theory, the
number of the harmonics can be eliminated is not restricted by the number of unknowns
in the equations. One can control the number of harmonics to be eliminated based on the
application requirements. Therefore, a small size filter is enough for applications because
only very high frequency harmonics remain in the output voltage. The following chapters
describe the development of the proposed method.
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3.

Fundamental Frequency Switching Control

In the previous chapter, the advantages and disadvantages of several modulation
methods for multilevel converters have been summarized. In this chapter, the Fourier
Series theory and Harmonics Elimination theory for the research will be discussed and
applied to the harmonics elimination control for the multilevel converters.
In the first part of this chapter, the Fourier Series theory and harmonics
elimination theory will be discussed briefly. Then the Fourier Series theory and
Harmonics Elimination theory will be used to derive the transcendental equations for the
fundamental frequency switching method for multilevel converters.
In the second part, resultant theory will be introduced and used to solve the
transcendental equations for the fundamental frequency switching method for multilevel
converters. The transcendental equations characterizing the harmonic content can be
converted into polynomial equations. Elimination theory (using resultants) has been
employed to determine the switching angles to eliminate specific harmonics, such as the
5th, 7th, 11th, and the 13th.
To conquer the computation difficulty for multilevel converters with high number
of voltage levels, such as 15, 17, 19 voltage levels, Newton’s method is used here to find
the solutions for the switching angles. This is shown in the third part of the chapter.
3.1. Fourier Series and Harmonics Elimination Theory

After applying Fourier theory to the output voltage waveform of multilevel
converters, which is odd quarter-wave symmetric, we can find the Fourier expression of
the multilevel output voltage as (2.2). If the DC voltages are equal in the multilevel
converter, the equation for the fundamental frequency switching control method can be
expressed as:
V (t ) =

∞

4Vdc
(cos(nθ 1 ) + cos(nθ 2 ) + cos(nθ 3 ) + ... + cos(nθ s )) sin( nωt )
n =1, 3, 5... nπ

∑

(3.1)

From the equation, it can be seen that the output voltage has no even harmonics
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because the output voltage waveform is odd quarter-wave symmetric. It also can be seen
from (3.1) that the peak values of these odd harmonics are expressed in terms of the
switching angles θ 1 , θ 2 , … and θ s . Furthermore, the harmonic equations produced from
(3.1) are transcendental equations.
Based on the harmonic elimination theory, if one wants to eliminate the n th
harmonic, then
cos(nθ1 ) + cos(nθ 2 ) + cos(nθ 3 ) + ... + cos(nθ s ) = 0

(3.2)

That means to choose a series of switching angles to let the value of the n th
harmonic be zero. Therefore, an equation with s switching angles will be used to control
the s different harmonic values. Generally, an equation with s switching angles is used to
determine the fundamental frequency value, and to eliminate s-1 low order harmonics.
For example, for an equation with three switching angles, (3.1) becomes
V (t ) =

∞

4Vdc
(cos(nθ 1 ) + cos(nθ 2 ) + cos(nθ 3 )) sin( nωt )
n =1, 3, 5... nπ

∑

(3.3)

Here, the fundamental peak value of the output voltage of V1 should be controlled,
and the 5th and 7th order harmonics should be eliminated. The resulting harmonic
equations are:
cos (θ 1 ) + cos (θ 2 ) + cos (θ 3 ) =

π V1
4V dc

(3.4)

cos (5θ 1 ) + cos (5θ 2 ) + cos (5θ 3 ) = 0

(3.5)

cos (7θ 1 ) + cos (7θ 2 ) + cos (7θ 3 ) = 0

(3.6)

To simplify the expression, (3.4) can be written as
cos (θ 1 ) + cos (θ 2 ) + cos (θ 3 ) = m

(3.7)

where
m=

π V1

(3.8)

4V dc

is defined here as the modulation index. So
V1max =

4

π

(3.9)

sV dc
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where s is the number of DC sources.
Here, the third harmonic has not been eliminated because the triplen harmonics
can be automatically cancelled in the line-line voltages for balanced three-phase systems.
Therefore, the triplen harmonics are not chosen for elimination in the phase voltage.
These harmonic equations (3.5)-(3.7) are transcendental equations. They are
difficult to solve without using some sort of numerical iterative technique, such as
Newton’s method. However, by making some simple changes of variables and
simplifying, these transcendental equations can be transformed into a set of polynomial
equations. Then, resultant theory can be utilized to find all solutions to the harmonic
equations.
3.2. Resultant Method for Transcendental Equations Solving
3.2.1. Resultant Theory

Suppose one has the following two polynomials in x1 and x 2 :
a ( x1 , x 2 ) = a 3 ( x1 )x 23 + a 2 ( x1 )x 22 + a1 ( x1 )x 2 + a 0 ( x1 ) = 0

(3.10)

b ( x1 , x 2 ) = b3 ( x1 )x 23 + b 2 ( x1 )x 22 + b1 ( x1 )x 2 + b0 ( x1 ) = 0

(3.11)

and
where a 3 ( x1 ) , a 2 ( x1 ) , a1 ( x1 ) , a 0 ( x1 ) , b3 ( x1 ) , b2 ( x1 ) , b1 ( x1 ) , and b0 ( x1 ) are
polynomials in x1 . Also, define the following two polynomials in x1 and x 2 :

α ( x1 , x 2 ) = α 2 ( x1 )x 22 + α 1 ( x1 )x 2 + α 0 ( x1 )

(3.12)

β ( x1 , x 2 ) = β 2 ( x1 )x 22 + β 1 ( x1 )x 2 + β 0 ( x1 )

(3.13)

and

where α 2 ( x1 ) , α 1 ( x1 ) , α 0 ( x1 ) , β 2 ( x1 ) , β 1 ( x1 ) , and β 0 ( x1 ) are polynomials in x1 .
Given a specific numerical value for x1 , it is can be seen from (3.10) thru (3.13) that
a ( x1 , x 2 ) and b ( x1 , x 2 ) are not coprime if and only if there exist polynomials α ( x1 , x 2 )

and β ( x1 , x 2 ) such that
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a ( x1 , x 2 ) α ( x1 , x 2 )
=
b ( x1 , x 2 ) β ( x1 , x 2 )

(3.14)

b (x1 , x 2 )α (x1 , x 2 ) − a (x1 , x 2 )β (x1 , x 2 ) = 0

(3.15)

If this equation is rewritten in the matrix form
r
S ( x1 ) V ( x1 ) = 0

(3.16)

or,

where the coefficients of x 2k , k = 0 , 1, ..., 5 , are equated to zero because this equation is
satisfied for any x 2 . The resulting matrix equation is [14] [20]:
 b0 ( x1 )
 b (x )
 1 1
 b2 ( x1 )

 b3 ( x1 )
 0

 0

0
0
a0 ( x1 )
a1 (x1 ) b0 ( x1 ) a0 (x1 )

a2 ( x1 ) b1 ( x1 )

0
0

a1 ( x1 ) b0 ( x1 )

a3 ( x1 ) b2 (x1 ) a2 ( x1 ) b1 ( x1 )
0
0

b3 ( x1 ) a3 ( x1 ) b2 ( x1 )
0
0
b3 ( x1 )

  − α 0 ( x1 ) 0
  β ( x )  0 
 0 1   
a0 ( x1 )  − α1 ( x1 ) 0

= 
a1 (x1 )  β1 ( x1 )  0
a2 (x1 )  − α 2 ( x1 ) 0

  
a3 ( x1 )  β 2 ( x1 )  0
0
0

(3.17)

The 6×6 square matrix S ( x1 ) in (3.17) is called the Sylvester Resultant Matrix.
In general, the Sylvester Resultant Matrix will be (d 1 + d 2 ) × (d 1 + d 2 ) , where d 1 and
d 2 are the degrees of the two polynomials a ( x1 , x 2 ) and b ( x1 , x 2 ) in x 2 , respectively.

Equation (3.16) is a homogeneous linear algebraic equation. Given a particular
value for x1 , only the trivial solution V ( x1 ) = 0 solves (3.17) if S ( x1 ) is nonsingular.
In other words, a ( x1 , x 2 ) and b ( x1 , x 2 ) are coprime. However, if a particular value for
x1 results in a singular S ( x1 ) , then there are nonzero solutions to (3.17). In this

situation, a ( x1 , x 2 ) and b ( x1 , x 2 ) are not coprime. Therefore, the determinant of S ( x1 )
is zero:
  b0 ( x1 )

  b1 ( x1 )
 b (x )
R ( x1 ) = det   2 1
  b3 ( x1 )

 0
 0


a0 ( x1 )

0

0

a1 ( x1 ) b0 ( x1 ) a0 ( x1 )

a2 ( x1 ) b1 ( x1 )

0
0

a1 ( x1 ) b0 ( x1 )

a3 ( x1 ) b2 ( x1 ) a2 (x1 ) b1 ( x1 )
0
0

b3 ( x1 ) a3 (x1 ) b2 (x1 )
0

0
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b3 ( x1 )



0  
a0 ( x1 ) 
 = 0
a1 ( x1 ) 

a2 ( x1 ) 

a3 ( x1 ) 
0

(3.18)

Here, R ( x1 ) , which is only a function of x1 , is called the Resultant Polynomial.
Now, the roots to (3.18) can be found since it is a polynomial of x1 ; then
substitute these roots into the equation
a ( x1 , x 2 ) = 0

(3.19)

to get the roots to (3.19). The common roots are the roots of equations (3.10) and (3.11).
In conclusion, the procedure to get the roots for two polynomials a ( x1 , x 2 ) = 0
and b ( x1 , x 2 ) = 0 has four steps [14], [20]:
1.

Compute the roots x1k , k = 0 , 1, ..., n R , of R ( x1 ) = 0 , where n R is the
degree of R ( x1 ) .

2.

Substitute these roots into a ( x1 , x 2 ) = 0 .

3.

For k = 0 , 1, ..., n R , solve the equation a ( x1k , x 2 ) = 0 to get the roots x 2 kl ,
l = 0 , 1, ..., n a , where n a is the degree of a ( x1 , x 2 ) in x 2 .

4.

The common zeros of a ( x1 , x 2 ) = 0 and b ( x1 , x 2 ) = 0 are then the values

(x1k , x 2 kl ) that satisfy the equation b (x1k , x 2 kl ) = 0 .
From the above method, it can be seen that this method can find all the solutions
for the equations a ( x1 , x 2 ) = 0 and b ( x1 , x 2 ) = 0 .

3.2.2. Solutions to the Harmonic Equations by Resultant Theory

To solve the harmonic equations by resultant theory, they must be changed into
polynomials. First, change the variables,
x1 = cos (θ 1 )

(3.20)

x 2 = cos (θ 2 )

(3.21)

x s = cos (θ s )

(3.22)

and

Also, use the following trigonometric identities:
cos (5θ ) = 5 cos (θ ) − 20 cos 3 (θ ) + 16 cos 5 (θ )
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(3.23)

cos (7θ ) = − 7 cos (θ ) + 56 cos 3 (θ ) − 112 cos 5 (θ ) + 64 cos 7 (θ )
cos (11θ ) = − 11 cos (θ ) + 220 cos 3 (θ ) − 1232 cos 5 (θ )

(3.24)
(3.25)

+ 2816 cos 7 (θ ) − 2816 cos 9 (θ ) + 1024 cos 11 (θ )
cos (13θ ) = 13 cos (θ ) − 364 cos 3 (θ ) + 2912 cos 5 (θ )
− 9984 cos 7 (θ ) + 16640 cos 9 (θ ) − 13312 cos 11 (θ ) + 4096 cos 13 (θ )

(3.26)

and
cos (17 θ ) = 17 cos (θ ) − 816 cos 3 (θ ) + 11424 cos 5 (θ ) − 71808 cos 7 (θ )
+ 239360 cos 9 (θ ) − 452608 cos 11 (θ ) + 487424 cos 13 (θ )
− 278528 cos

15

(θ ) + 65536

cos

17

(3.27)

(θ )

Then, apply them to the transcendental harmonic equations above, and the
following polynomial harmonic equations can be found.
For the fundamental frequency harmonic:
p 1 ( x1 , x 2 , L , x s ) =

s

∑x
n =1

n

−m =0

(3.28)

For the 5th harmonic:
p 5 ( x1 , x 2 , L , x s ) =

∑ (5 x
s

n =1

n

)

(3.29)

+ 56 x n3 − 112 x n5 + 64 x n7 ) = 0

(3.30)

− 20 x n3 + 16 x n5 = 0

For the 7th harmonic:
p 7 ( x1 , x 2 ,..., x s ) =

∑ (− 7 x
s

n =1

n

For the 11th harmonic:
p11 ( x1 , x 2 ,..., x s ) =

∑ (− 11 x
s

n =1

n

)

+ 220 x n3 − 1232 x n5 + 2816 x n7 − 2816 x n9 + 1024 x 11
=0
n

(3.31)

For the 13th harmonic:
p13 ( x1 , x 2 ,..., x s ) =

∑ (13 x
s

n =1

n

)

13
− 364 x n3 + 2912 x n5 − 9984 x n7 + 16640 x n9 − 13312 x 11
=0
n + 4096 x n

(3.32)
and the 17th harmonic:
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p17 ( x1 , x 2 ,..., x s ) =
 17 x n − 816 x n3 + 11424 x n5 − 71808 x n7 + 239360 x n9 − 452608 x 11

n

=0
∑
13
15
17


x
x
x
+
487424
−
278528
+
65536
n =1 
n
n
n

s

(3.33)
For these equations, the following situation must be satisfied,
0 ≤ θ1 ≤ θ 2 ≤ L ≤ θ s ≤

π

(3.34)

2

So the variables x1 , x 2 , …, x s must satisfy
0 ≤ x s ≤ L ≤ x 2 ≤ x1 ≤ 1

(3.35)

Now, the transcendental harmonic equations have been changed into polynomial
equations in the variables x1 , x 2 , L , x s . Resultant theory can be used to solve these
polynomial equations to find the switching angles.

3.2.3. Solution Results

By applying the resultant method, the solution of fundamental frequency
switching angles for 5-, 7-, 11- and 13-level can be obtained. In this thesis, the THD is
2

th

computed throughout the 50 as THD =

2

2

V 5 + V 7 + L + V 47 + V 49
V1

2

2

for all the cases

except indicated. The even and triplen harmonics are not computed in THD because they
do not appear in the line-line voltages.
1. For 5-level multilevel converters, the harmonic equations are:
cos (θ 1 ) + cos (θ 2 ) = m

(3.36)

cos (5θ 1 ) + cos (5θ 2 ) = 0

The polynomial equations are:
2

p 1 ( x1 , x 2 ) =

∑x

p 5 ( x1 , x 2 ) =

∑ (5 x

n =1

n

−m =0

2

n =1

n

− 20 x + 16 x
3
n

5
n

)= 0
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(3.37)

The solutions are shown in Figure 3.1 (a). The x-axis represents the modulation
index. The y axis represents the switching angles in degrees. The THD for five-level
fundamental frequency switching control is shown in Figure 3.1 (b). Because there are
several sets of solutions, Figure 3.1 (c) shows the lowest THD for the fundamental
frequency switching control.
From Figure 3.1, some features for the solutions can be derived:
(1). The modulation index m only has solutions in a range of modulation indices.
For the 5-level case, m is from 0.9 to 1.9.
(2). For some modulation indices, there are more than one solution set.
(3). The THD is different for different solution sets; therefore, the low THD
solution set should be chosen for practical application.
(4). Solution is not continuous for some modulation indices m.
2. For the 7-level multilevel converters, the harmonic equations are:
cos (θ 1 ) + cos (θ 2 ) + cos (θ 3 ) = m

cos (5θ 1 ) + cos (5θ 2 ) + cos (5θ 3 ) = 0

(3.38)

cos (7θ 1 ) + cos (7θ 2 ) + cos (7θ 3 ) = 0

The polynomial equations are:
3

p 1 ( x1 , x 2 , x 3 ) =

∑x

p 5 ( x1 , x 2 , x 3 ) =

∑ (5 x

p 7 ( x1 , x 2 , x 3 ) =

∑ (− 7 x

n =1

n

−m =0

3

n =1

n

)

− 20 x n3 + 16 x n5 = 0

3

n =1

n

(3.39)

)

+ 56 x n3 − 112 x n5 + 64 x n7 = 0

The solutions and THD are shown in Figure 3.2.
The features that can be derived from the solutions are similar to the 5-level case.
Later, it can be seen that these features are common regardless of the number of the
levels for the multilevel converters.
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(a)

(b)

(c)
Figure 3.1: Solutions for 5-level multilevel converter (a) switching angles; (b) THD for
all solutions; (c) lowest THD
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(a)

(b)

(c)
Figure 3.2: Solutions for 7-level multilevel converter (a) switching angles; (b) THD for
all solutions; (c) lowest THD
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3. For the 9-level multilevel converters, the harmonic equations are:
cos (θ 1 ) + cos (θ 2 ) + cos (θ 3 ) + cos (θ 4 ) = m

cos (5θ 1 ) + cos (5θ 2 ) + cos (5θ 3 ) + cos (5θ 4 ) = 0

(3.40)

cos (7θ 1 ) + cos (7θ 2 ) + cos (7θ 3 ) + cos (7θ 4 ) = 0

cos (11θ 1 ) + cos (11θ 2 ) + cos (11θ 3 ) + cos (11θ 4 ) = 0

The polynomial equations are:
4

p 1 ( x1 , x 2 , x 3 , x 4 ) =

∑x

p 5 ( x1 , x 2 , x 3 , x 4 ) =

∑ (5 x

p 7 ( x1 , x 2 , x 3 , x 4 ) =

∑ (− 7 x

p11 ( x1 , x 2 , x 3 , x 4 ) =

∑ (− 11 x
4

n =1

n

n =1

n

−m =0

4

n =1

n

)

− 20 x n3 + 16 x n5 = 0

4

n =1

n

)

+ 56 x n3 − 112 x n5 + 64 x n7 = 0

(3.41)

)

+ 220 x n3 − 1232 x n5 + 2816 x n7 − 2816 x n9 + 1024 x 11
=0
n

The solutions and THD are shown in Figure 3.3.
4. For the 11-level multilevel converters, the harmonic equations are:
cos (θ 1 ) + cos (θ 2 ) + cos (θ 3 ) + cos (θ 4 ) + cos (θ 5 ) = m

cos (5θ 1 ) + cos (5θ 2 ) + cos (5θ 3 ) + cos (5θ 4 ) + cos (5θ 5 ) = 0

cos (7θ 1 ) + cos (7θ 2 ) + cos (7θ 3 ) + cos (7θ 4 ) + cos (7θ 5 ) = 0

cos (11θ 1 ) + cos (11θ 2 ) + cos (11θ 3 ) + cos (11θ 4 ) + cos (11θ 5 ) = 0

cos (13θ 1 ) + cos (13θ 2 ) + cos (13θ 3 ) + cos (13θ 4 ) + cos (13θ 5 ) = 0

The polynomial equations are:
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(3.42)

(a)

(b)

(c)
Figure 3.3: Solutions for 9-level multilevel converter (a) switching angles; (b) THD for
all solutions; (c) lowest THD
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5

p 1 ( x1 , x 2 , x 3 , x 4 , x 5 ) =

∑x

p 5 ( x1 , x 2 , x 3 , x 4 , x 5 ) =

∑ (5 x

p 7 ( x1 , x 2 , x 3 , x 4 , x 5 ) =

∑ (− 7 x

p11 ( x1 , x 2 , x 3 , x 4 , x 5 ) =

∑ (− 11 x
5

n =1

n

n =1

n

−m =0

5

n =1

n

)

− 20 x n3 + 16 x n5 = 0

5

n =1

n

)

+ 56 x n3 − 112 x n5 + 64 x n7 = 0

)

+ 220 x n3 − 1232 x n5 + 2816 x n7 − 2816 x n9 + 1024 x 11
=0
n

p13 ( x1 , x 2 , x 3 , x 4 , x 5 ) =

∑ (13 x
5

n =1

n

)

13
− 364 x n3 + 2912 x n5 − 9984 x n7 + 16640 x n9 − 13312 x 11
=0
n + 4096 x n

(3.43)
The solutions and THD are shown in Figure 3.4.
5. For the 13-level multilevel converters, the harmonic equations are:
cos (θ 1 ) + cos (θ 2 ) + cos (θ 3 ) + cos (θ 4 ) + cos (θ 5 ) + cos (θ 6 ) = m

cos (5θ 1 ) + cos (5θ 2 ) + cos (5θ 3 ) + cos (5θ 4 ) + cos (5θ 5 ) + cos (5θ 6 ) = 0

cos (7θ 1 ) + cos (7θ 2 ) + cos (7θ 3 ) + cos (7θ 4 ) + cos (7θ 5 ) + cos (7θ 6 ) = 0

cos (11θ 1 ) + cos (11θ 2 ) + cos (11θ 3 ) + cos (11θ 4 ) + cos (11θ 5 ) + cos (11θ 6 ) = 0

cos (13θ 1 ) + cos (13θ 2 ) + cos (13θ 3 ) + cos (13θ 4 ) + cos (13θ 5 ) + cos (13θ 6 ) = 0

cos (17 θ 1 ) + cos (17 θ 2 ) + cos (17 θ 3 ) + cos (17 θ 4 ) + cos (17 θ 5 ) + cos (17 θ 6 ) = 0

(3.44)
The polynomial equations are:
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(a)

(b)

(c)
Figure 3.4: Solutions for 11-level multilevel converter (a) switching angles; (b) THD for
all solutions; (c) lowest THD
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6

p 1 ( x1 , x 2 , x 3 , x 4 , x 5 , x 6 ) =

∑x

p 5 ( x1 , x 2 , x 3 , x 4 , x 5 , x 6 ) =

∑ (5 x

p 7 ( x1 , x 2 , x 3 , x 4 , x 5 , x 6 ) =

∑ (− 7 x

p11 ( x1 , x 2 , x 3 , x 4 , x 5 , x 6 ) =

∑ (− 11 x
6

n =1

n

n =1

n

−m =0

6

n =1

n

)

− 20 x n3 + 16 x n5 = 0

6

n =1

n

)

+ 56 x n3 − 112 x n5 + 64 x n7 = 0

)

+ 220 x n3 − 1232 x n5 + 2816 x n7 − 2816 x n9 + 1024 x 11
=0
n

p13 ( x1 , x 2 , x 3 , x 4 , x 5 , x 6 ) =

∑ (13 x
6

n =1

n

)

13
− 364 x n3 + 2912 x n5 − 9984 x n7 + 16640 x n9 − 13312 x 11
=0
n + 4096 x n

p17 ( x1 , x 2 , x 3 , x 4 , x 5 , x 6 ) =

 17 x n − 816 x n3 + 11424 x n5 − 71808 x n7 + 239360 x n9 − 452608 x 11

n

=0
∑
13
15
17


n =1  + 487424 x n − 278528 x n + 65536 x n

6

(3.45)
The solutions are shown in Figure 3.5.

6. Unipolar switching scheme

From the computation results, it can be seen that no solutions correspond to the
modulation index less than 0.9. It is necessary to use three-level converters to extend the
modulation index to below 0.9. But for three-level converters, the fundamental frequency
switching method just can find a switching angle that produces a desired fundamental
amplitude, and no additional harmonics can be eliminated. To conquer this problem, a
unipolar switching method is used for the control of three-level converters. The output
voltage waveform is shown in Figure 3.6.
The harmonic equations are:
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(a)

(b)

(c)
Figure 3.5: Solutions for 13-level multilevel converter (a) switching angles; (b) THD for
all solutions; (c) lowest THD
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Figure 3.6: 5-angle unipolar converter output voltage

cos (θ 1 ) − cos (θ 2 ) + cos (θ 3 ) − cos (θ 4 ) + cos (θ 5 ) = m

cos (5θ 1 ) − cos (5θ 2 ) + cos (5θ 3 ) − cos (5θ 4 ) + cos (5θ 5 ) = 0

cos (7θ 1 ) − cos (7θ 2 ) + cos (7θ 3 ) − cos (7θ 4 ) + cos (7θ 5 ) = 0

cos (11θ 1 ) − cos (11θ 2 ) + cos (11θ 3 ) − cos (11θ 4 ) + cos (11θ 5 ) = 0

cos (13θ 1 ) − cos (13θ 2 ) + cos (13θ 3 ) − cos (13θ 4 ) + cos (13θ 5 ) = 0
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(3.46)

The polynomial equations are:
5

p 1 ( x1 , x 2 , x 3 , x 4 , x 5 ) =

∑ ( − 1)

p 5 ( x1 , x 2 , x 3 , x 4 , x 5 ) =

∑ ( − 1) (5 x

p 7 ( x1 , x 2 , x 3 , x 4 , x 5 ) =

∑ ( − 1) (− 7 x

p11 ( x1 , x 2 , x 3 , x 4 , x 5 ) =

∑ ( − 1) (− 11 x
5

n −1

n =1

n

n −1

n =1

5

n −1

n =1

5

xn − m = 0
n

)

− 20 x n3 + 16 x n5 = 0

n −1

n =1

n

)

+ 56 x n3 − 112 x n5 + 64 x n7 = 0

)

+ 220 x n3 − 1232 x n5 + 2816 x n7 − 2816 x n9 + 1024 x 11
=0
n

p13 ( x1 , x 2 , x 3 , x 4 , x 5 ) =

∑ ( − 1) (13 x
5

n −1

n =1

n

)

13
− 364 x n3 + 2912 x n5 − 9984 x n7 + 16640 x n9 − 13312 x 11
=0
n + 4096 x n

(3.47)
The solutions and THD are shown in Figure 3.7.
3.3. Transcendental Equations Solving for Higher Order Harmonics Elimination

Until now, the transcendental equations characterizing the harmonic content have
been converted into polynomial equations, and elimination theory (using resultants) has
been employed to determine the switching angles to eliminate specified harmonics, such
as 5th, 7th, 11th, and the 13th for up to 13-level multilevel converters. However, as the
number of levels increase, the degrees of the polynomials in these equations are large and
one reaches the limitations of the capability of contemporary computer algebra software
tools (e.g., Mathematic or Maple) to solve the system of polynomial equations by using
elimination theory.
To conquer this problem, the fundamental frequency switching angle computation
is solved by Newton’s method. The initial guess can be provided by the results of lower
order transcendental equations by the resultant method. For example, s equations need s
initial switching angles. The s-1 initial switching angles can be from the previous results
of the s-1 equations. Only one initial guess is needed to be set. This method is referred to
as the Newton climbing method since an s order equation needs solutions of an s-1 order
equation as initial guesses.
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(a)

(b)

(c)
Figure 3.7: Solutions for unipolar converter (a) switching angles; (b) THD for all
solutions; (c) lowest THD
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The Newton iterative method for the fundamental frequency switching
computation is:
x n +1 = x n − J − 1 f

(3.48)

where x n +1 is the new value, and x n is the old value. J is the Jacobian matrix for
the transcendental equations, and f is the transcendental equation function.

 s
 ∑ cos( h1θ n ) 

 ns=1

cos( h 2θ n ) 

∑
n =1

f =
M

 s
 ∑ cos( h s −1θ n ) 

 n =1

 s
 ∑ cos( h sθ n ) 

 n =1

where

h = [1 5

7

(3.49)

11 13

17

19

L ] is odd, non-triplen harmonic

number.
The Jacobian matrix is:
 − h1 sin( θ 1 )
 − h sin( h θ )
2
2 1

J =
M

 − h s −1 sin( h s −1θ 1 )
 − h s sin( h sθ 1 )

− h1 sin( θ 2 )
− h 2 sin( h 2θ 2 )

L

− h1 sin( θ s −1 )

L

M

M
L

M
− h s −1 sin( h s −1θ s −1 )
L

− h s sin( h sθ s −1 )

− h1 sin( θ s )



M


M

− h s −1 sin( h s −1θ s ) 
− h s sin( h sθ s ) 

(3.50)
The solutions of switching angles and THD to the 15-level case are shown in
Figure 3.8.
The solutions of switching angles and THD to the 17-level case are shown in
Figure 3.9.
The solutions of switching angles and THD to the 19-level case are shown in
Figure 3.10.
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(a)

(b)

(c)
Figure 3.8: Solutions and THD for 15-level multilevel converter (a) switching angles; (b)
THD for all solutions; (c) lowest THD
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(a)

(b)

(c)
Figure 3.9: Solutions and THD for 17-level multilevel converter (a) switching angles; (b)
THD for all solutions; (c) lowest THD

60

(a)

(b)

(c)
Figure 3.10: Solutions and THD for 19-level multilevel converter (a) switching angles;
(b) THD for all solutions; (c) lowest THD
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The solutions of switching angles and THD to the 21-level case are shown in
Figure 3.11.
Until now, we have found the fundamental frequency switching angles of
multilevel converters up to 21 levels. It can be seen that the THD is decreasing when the
number of levels is increasing. This can be seen from the THD plot in Figure 3.12. The
THD decreases steadily from 5-level to 11-level. After 11-level, the THD decreases
slowly. From the THD figures, it can be seen that most of the THD is below 5% for highlevel cases such as from the 11-level case to the 21-level case. If a small filter is used for
the output voltage, the THD of the output voltage can reach the application requirement
specified in IEEE-519 [18].
3.4. Compensation with the Triplen Harmonics

One disadvantage of the fundamental frequency switching control is its narrow
modulation index as discussed in Chapter 2. To extend the linear range of operation for
traditional PWM, one method is to inject the third harmonic [7] [10].
The fundamental frequency switching method also can inject triplen harmonics to
increase the modulation index range.
Assume the switching angles θ1 ,θ 2 ,Lθ s are ordered as θ1 ≤ θ 2 ≤ L ≤ θ s . The
working principle is shown in Figure. 3.13. Before it is compensated, the output voltage
waveform is shown in Figure 3.13(a): the triplen harmonic injected into the converter is
shown in Figure 3.13(b). And the compensated voltage waveform is shown in Figure
3.13(c). It can be seen that to generate the required output voltage, a 5-level multilevel
converter is necessary in Figure 3.13(a). But after it is compensated, a 3-level converter
can generate the required output voltage waveform shown in Figure 3.13(c). The
compensation can be done like this because the triplen harmonic voltage does not change
the fundamental frequency content, and cancels in the line-line voltage.
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(a)

(b)

(c)
Figure 3.11: Solutions and THD for 21-level multilevel converter (a) switching angles;
(b) THD for all solutions; (c) lowest THD

63

(a)

(b)
Figure 3.12: THD for fundamental frequency switching control (a) lowest THD for 5-13
level multilevel converters; (b) lowest THD for 15-21 level multilevel converters
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Output Voltage

θ s −1 θ s

π

2π

T

2π

T

Output Voltage

(a)

π /6

π

Output Voltage

(b)

π

2π

T

(c)
Figure 3.13: Triplen harmonics compensation for multilevel converter control (a) the
output voltage waveform without triplen harmonic compensation; (b) the triplen
harmonic for compensation; (c) the output voltage waveform with triplen harmonic
compensation
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From Figure 3.13, it can be shown that if the switching angles satisfy the
condition.
2π
− θ s ≤ θ s −1
3

(3.51)

Then, multilevel converters with 2s-3 voltage levels using tripling harmonic
injection can replace multilevel converters with 2s-1 voltage levels to output the desired
voltage. Similar to this, multilevel converters with 2 s − 5 voltage levels using tripling
harmonic injection can replace multilevel converters with 2 s − 3 voltage levels to output
the desired voltage with the condition.
2π
− θ s −1 ≤ θ s −3
3

(3.52)

Repeating this process, all the possible compensations can be found for the
fundamental frequency switching angles.
From the compensation shown in Figure 3.13, it can be seen that the triplen
harmonic compensation can reduce the required number of voltage levels. This increases
the modulation index range. The modulation index range with and without the triplen
harmonic compensation is shown in Table 3.1.

Table 3.1. Comparison of the modulation index range with and without triplen harmonic
compensation
Level
5
7
9
11
13
15
17
19
21
Number
0~
0~
0~
0~
0~
0~
0~
0~
0~
mnc*
1.9
2.5
3.42
4.23
5.13
5.42
6.01
6.20
6.60
0~
0~
0~
0~
0~
0~
0~
N/A
N/A
mc**
1.9
2.76
3.66
4.56
5.42
6.01
6.60
mnc*: Modulation index range without triplen harmonic compensation using all voltage
levels.
mc**: Modulation index range with triplen harmonic compensation using all voltage
levels.
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From Table 3.1, it can be derived that the triplen harmonic compensation can help
to implement a high-level modulation control on a low-level number multilevel
converter. This can save the cost for additional hardware. For example, without triplen
harmonic compensation, a modulation index m = 6.60 realization must use a 21-level
converter, but with triplen harmonics compensation, such a modulation realization just
needs a 17-level converter. This can decrease the hardware cost.
3.5. Simulation

To verify the fundamental frequency switching control method and the third
harmonic compensation method, an example for each level cases (5, 7, 9, 11, 13, 15, 17,
19 and 21 level) simulation studies have been implemented.
For practical applications, the voltage level number is fixed. If the required output
voltage level number is not greater than that of the multilevel converter, the multilevel
converter can output the voltage directly; if the required output voltage level number is
greater than that of the multilevel converter, the multilevel converter can not output the
voltage directly, and the triplen harmonic compensation is necessary to decrease the
required voltage level number. Therefore, in the simulation study, 5, 7, 9, 11 level cases
are simulated without triplen harmonic compensation; 13, 15, 17, 19 and 21 level cases
are simulated for both with triplen harmonic compensation and without triplen harmonic
compensation cases.
To compare the simulation results with the experimental results, the simulation
step size is chosen to match the control resolution for the experiments.
The simulation includes output waveforms and its FFT analysis. The simulation
results are shown in Figures 3.14-3.22.
The simulation shows the output phase voltage waveform, output line-line voltage
waveform, and normalized FFT analysis of the line-line voltage waveform.
Corresponding to the theoretical computation, the harmonic content chosen to be
eliminated and the triplen harmonic content should be zero in the normalized FFT
analysis of the line-line voltage waveform.
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(a)
(b)
Figure 3.14: Control simulation for 5-level multilevel converter ( m = 0.99 ) (a) output
voltage waveform; (b) normalized FFT analysis of line-line voltage

(a)
(b)
Figure 3.15: Control simulation for 7-level multilevel converter ( m = 1.22 ) (a) output
voltage waveform; (b) normalized FFT analysis of line-line voltage
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(b)
(a)
Figure 3.16: Control simulation for 9-level multilevel converter ( m = 1.74 ) (a) output
voltage waveform; (b) normalized FFT analysis of line-line voltage

(a)
(b)
Figure 3.17: Control simulation for 11-level multilevel converter ( m = 2.28 ) (a) output
voltage waveform; (b) normalized FFT analysis of line-line voltage
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(a)

(b)

(c)
(d)
Figure 3.18: Control simulation for 13-level multilevel converter ( m = 2.80 ) (a) output
voltage waveform without triplen harmonics compensation; (b) normalized FFT
analysisof line-line voltage without triplen harmonics compensation; (c) output voltage
waveform with triplen harmonics compensation; (d) normalized FFT analysis of line-line
voltage with triplen harmonics compensation
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(a)

(b)

(c)
(d)
Figure 3.19: Control simulation for 15-level multilevel converter ( m = 3.50 ) (a) output
voltage waveform without triplen harmonics compensation; (b) normalized FFT analysis
of line-line voltage without triplen harmonics compensation; (c) output voltage waveform
with triplen harmonics compensation; (d) normalized FFT analysis of line-line voltage
with triplen harmonics compensation
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(a)

(b)

(c)
(d)
Figure 3.20: Control simulation for 17-level multilevel converter ( m = 3.95 ) (a) output
voltage waveform without triplen harmonics compensation; (b) normalized FFT analysis
of line-line voltage without triplen harmonics compensation; (c) output voltage waveform
with triplen harmonics compensation; (d) normalized FFT analysis of line-line voltage
with triplen harmonics compensation
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(a)

(b)

(c)
(d)
Figure 3.21: Control simulation for 19-level multilevel converter ( m = 4.67 ) (a) output
voltage waveform without triplen harmonics compensation; (b) normalized FFT analysis
of line-line voltage without triplen harmonics compensation; (c) output voltage waveform
with triplen harmonics compensation; (d) normalized FFT analysis of line-line voltage
with triplen harmonics compensation
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(a)

(b)

(c)
(d)
Figure 3.22: Control simulation for 21-level multilevel converter ( m = 4.92 ) (a) output
voltage waveform without triplen harmonics compensation; (b) normalized FFT analysis
of line-line voltage without triplen harmonics compensation; (c) output voltage waveform
with triplen harmonics compensation; (d) normalized FFT analysis of line-line voltage
with triplen harmonics compensation
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From the FFT analysis of simulation voltages for 5-21 level multilevel converters,
it can be seen that the fundamental frequency switching control for 5-21 level multilevel
converters eliminate a certain number of hamonics that correspond to the theoretical
computation. The simulation results shown that the 13, 15, 17 level simulation cases can
be implemented on an 11-level multilevel converter, the 19-level case can be
implemented on a 13-level multilevel converter, and the 21-level case can be
implemented on a 15-level multilevel converter. These results correspond well with the
theoretical computation of triplen harmonics compensation.
Next, experiments are implemented to validate the simulation results.
3.6. Experiment

To experimentally validate the fundamental frequency switching method, an 11level case without compensation and a 17-level case with compensation are implemented
on an 11-level H-bridge multilevel converter and each level configured with 24 Volts.
The detail of experiment setup is described in Chapter 7.
The experiments include the phase voltages, line-line voltages and their FFT
analysis. The experimental results for the 11-level case without compensation are shown
in Figure 3.23. In Figure 3.23, (a) and (b) are phase voltage and line-line voltages,
respectively; (c) and (d) are normalized FFT analysis of the line-line voltage. It can be
seen that the 5th, 7th, 11th and 13th harmonics are all below 0.5%. The FFT analysis
confirms that the 5th, 7th, 11th and 13th harmonics are eliminated as expected.
The experimental results for the 17-level case with compensation are shown in
Figure 3.24. In Figure 3.24, (a) and (b) are phase voltage and line-line voltage,
respectively; (c) and (d) are normalized FFT analysis of line-line voltage. It can be seen
that the 5th, 7th, 11th, 13th, 17th, 19th, 21st and 23rd harmonics are all below 0.2%. The FFT
analysis confirms that the 5th, 7th, 11th, 13th, 17th, 19th, 21st and 23rd harmonics are
eliminated as expected.
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(a)

(b)

(c)
(d)
Figure 3.23: Experimental results of 11-level multilevel converter control ( m = 2.28 ) (a)
phase voltage; (b) line-line voltage; (c) normalized FFT analysis of line-line voltage; (d)
normalized harmonic contents of line-line voltage with fundamental content removed
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(a)

(b)

(c)
(d)
Figure 3.24: Experimental results of 17-level multilevel converter control with triplen
harmonics compensation ( m = 3.95 ) (a) phase voltage; (b) line-line voltage; (c)
normalized FFT analysis of line-line voltage; (d) normalized harmonic contents of lineline voltage with fundamental content removed
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From the experimental results of phase voltage, it also confirms that the 17-level
voltage case can be implemented in an 11-level multilevel converter after the triplen
harmonic compensation. Here, the experiment also validates that the triplen harmonic
compensation method can increase the modulation index range.
3.7. Summary

In this chapter, the fundamental frequency switching angles of multilevel
converters up to 21 levels have been found. It can be seen that the THD is decreasing
when the number of levels is increasing. The THD decreases steadily from the 3-level
case to the 11-level case. But the THD decreases slowly from the 13-level case to the 21level case. Because low order harmonics have been eliminated, only a small filter is
necessary to be used for the output voltage. It will be easy for the output voltage to satisfy
the THD requirements in IEEE-519.
The triplen harmonic compensation method can be used to increase the
modulation index range of the fundamental frequency switching control. The simulation
results and experimental results validated the theoretical computation and the triplen
harmonic compensation method.
The next chapter will present the method of eliminating harmonics for the low
modulation index cases to decrease the THD beyond what is possible with fundamental
frequency switching control.
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4.

Active Harmonic Elimination for Low Modulation Index
Control

In the previous chapter, the switching angles for fundamental frequency switching
control have been computed. From the computed THD, it can be seen that THD for low
modulation index is higher than that of high modulation index. To decrease the THD for
low modulation index cases, a new method must be developed to eliminate more
harmonics.
In this chapter, the active harmonic elimination method is developed to eliminate
more harmonics for multilevel converters based on the previous fundamental frequency
switching control method.
In the first part of this chapter, resultant theory and harmonic elimination theory
will be reviewed briefly. Then the active harmonic elimination method is presented.
In the second part of the chapter, the simulation results will be given for the
proposed active harmonic elimination method.
In the third part of the chapter, experimental results will be used to validate the
active harmonic elimination method.
4.1. Active Harmonic Elimination Method
4.1.1. Resultant Method for Multilevel Converter

As mentioned previously, a multilevel converter uses several DC voltages to
synthesize a sinusoidal voltage wave. Thus, the control of the multilevel converter is to
choose a series of switching angles to synthesize a desired sinusoidal voltage waveform.
A typical multilevel converter output with fundamental frequency switching control is
shown in Figure 2.7. The Fourier series expansion of the output voltage waveform is
V (t ) =

∞

4Vdc
(cos(nθ 1 ) + cos(nθ 2 ) + cos(nθ 3 ) + ... + cos(nθ s )) sin( nωt )
n =1, 3, 5... nπ

∑
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(4.1)

where s is the number of DC voltages. Given a desired fundamental voltage V1 , one
wants to determine the switching angles θ1 ,θ 2 ,L ,θ s so that V (t ) = V1 sin(ωt ) , and
specific higher order harmonics of Vh are equal to zero. For a three-phase application, the
triplen harmonics in each phase need not be cancelled as they automatically cancel in the
line-to-line voltages. For example, as mentioned in Chapter 3, in the case of s = 5 DC
voltages, the 5th, 7th, 11th, 13th order harmonics can be cancelled. This is the control
method that has been discussed in the previous chapters.

4.1.2. Active Harmonic Elimination Method

From equation (4.1), the voltage contents can be divided into four parts:

V (t ) = V p1 (t ) + V p 2 (t ) + V p 3 (t ) + V p 4 (t )

(4.2)

1. Fundamental frequency voltage.
V p1 (t ) =

4Vdc

π

[cos(θ1 ) + cos(θ 2 ) + L + cos(θ s )] sin(ωt )

(4.3)

2. Triplen harmonic voltages.
V p 2 (t ) =

4Vdc
nπ

∑ [cos(nθ ) + cos(nθ

n =3, 9 ,15,L

1

2

) + L + cos(nθ s )] sin( nωt )

(4.4)

3. Low order harmonic voltages that can be eliminated by applying resultant
method or Newton’s method.
V p 3 (t ) =

4Vdc
nπ

∑ [cos(nθ ) + cos(nθ

n =5, 7 ,11,13

1

) + L + cos(nθ s )] sin( nωt )

2

(4.5)

4. High order harmonic voltages that cannot be eliminated by applying resultant
method or Newton method.
V p 4 (t ) =

4Vdc
nπ

∑ [cos(nθ ) + cos(nθ

n =17 ,19 , 23,L

1

2

) + L + cos(nθ s )] sin( nωt )

(4.6)

Using the resultant method or Newton’s method, part (4.5) is eliminated using a
fundamental frequency switching method. Assuming the application is a balanced threephase system, part (4.4) need not be eliminated. This then leaves part (4.6), which is the
source of THD in the multilevel converter output voltage.
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Now, the fundamental problem is: how can the harmonics be eliminated? One
basic idea is, if the harmonic magnitude and phase can be computed, one can generate a
signal with same magnitude and the phase difference is 180°. Then the harmonic can be
cancelled, and will not remain in the output voltages.
Fortunately, from the discussion above, the hth harmonic can be computed as
Vh (t ) =

4Vdc
(cos(hθ1 ) + cos(hθ 2 ) + cos(hθ 3 ) + ... + cos(hθ s )) sin( hωt )
hπ

(4.7)

From (4.7), it can be seen that the harmonic magnitude is
Ah =

4Vdc
(cos(hθ 1 ) + cos(hθ 2 ) + cos(hθ 3 ) + ... + cos(hθ s ))
hπ

(4.8)

And the initial phase is:

ϕ =0

(4.9)

So a signal such as

Vch _ i (t ) = − Ah sin(hωt ) = − Ah sin(ω h t )

(4.10)

is desired to be generated to cancel the h th harmonic, and ω h = hω . For convenience,
here, define
Ah _ n =

Ah
1
= (cos(hθ1 ) + cos(hθ 2 ) + cos(hθ 3 ) + ... + cos(hθ s ))
4Vdc n

(4.11)

π
as the normalized harmonic magnitude.
However, the practical multilevel converter cannot generate a sinusoidal signal
like (4.10). A practical converter can just generate a square wave signal, which can be
expressed by Fourier series expansion as
Vc (t ) = Ah

∞

1
cos(ncθ h ) sin(nc ω h t )
nc =1, 3, 5... n c

∑

(4.12)

Then subtract (4.12) from (4.6) and set h = 17 ,
V p 4 (t ) =

4Vdc
nπ

∑ [cos(nθ ) + cos(nθ

n =19 , 23,L

1

2

) + L + cos(nθ s )] sin(nωt )
(4.13)

∞

1
− Ah ∑
cos(ncθ h ) sin(nc ω h t )
nc =3, 5... n c
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It is obvious that the 17th harmonic has been eliminated, but new harmonics have
been generated. The next harmonic of concern that is produced by (4.12) is the 5th
harmonic, which is at 5×17 = 85. This harmonic and higher ones (7×17, etc.) are easy to
filter using a low-pass filter.
To generate the compensation harmonic, the switching angle should be computed
first. Because the compensation harmonic is generated by the multilevel converter itself,
the voltage magnitude is Vdc . Therefore, the magnitude and switching angle are:
Ah =

4Vdc
4V
(cos(hθ 1 ) + cos(hθ 2 ) + cos(hθ 3 ) + ... + cos(hθ s )) = dc cos(θ h ) (4.14)
π
hπ

where
1
h

θ h = cos −1 ( (cos(hθ1 ) + cos(hθ 2 ) + cos(hθ 3 ) + ... + cos(hθ s )))

(4.15)

and the THD computation is defined as in chapter 3,
2

THD =

2

2

V 5 + V 7 + L + V 47 + V 49
V1

2

2

(4.16)

For different modulation indices, the magnitudes of these harmonics are different.
For example, the normalized 17th, 19th, 23rd, 25th harmonic magnitudes and harmonic
angles are shown in Figure 4.1.

An example of a generated signal to cancel 17th

harmonic is shown in Figure 4.2.
The THD for fundamental frequency switching method with all solution sets and
the THD for active harmonic elimination method that the harmonics are eliminated up to
31st are shown in Figure 4.3 (a). The lowest THD for fundamental frequency switching
method and active harmonic elimination method are shown in Figure 4.3 (b).
From Figure 4.3, it can be seen that the THD for the active harmonic elimination
method is much lower than that of fundamental frequency switching method. For most
modulation indices, the active harmonic elimination method has THD less than 4%.
Because the residual harmonics of the active harmonic elimination method are higher
frequency than that of the fundamental frequency switching method, it will be easier to
filter out the harmonics.
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(a)
(b)
Figure 4.1: Normalized the 17th, 19th, 23rd, 25th harmonic magnitude and their
compensation switching angles (a) normalized magnitudes; (b) compensation angles

Figure 4.2: Example of compensation signal of the 17th harmonic

(a)
(b)
Figure 4.3: THD for fundamental frequency switching method and active harmonic
elimination method (a) THD for all solutions; (b) lowest THD
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4.2. Simulation Study
4.2.1. Output Waveform Simulation and FFT Analysis

To verify the active harmonic elimination method, a simulation has been
implemented. The simulation includes the output voltage waveform and its normalized
FFT analysis.
1. Fundamental frequency switching case.

The simulation ( m = 2.28 ) results are shown in Figure 4.4.
The THD for the simulation is 6.50% , which corresponds well to the theoretical
computation of 6.52% . It also can be seen that the 5-13th odd, non-triplen harmonics in
the FFT analysis of phase voltage and line-line voltage are zero.
2. Harmonic elimination up to 31st case.

The simulation ( m = 2.28 ) results are shown in Figure 4.5.
The THD for the simulation is 3.30%, which corresponds well to the theoretical
computation of 3.18%. It also can be seen that the 5-31st odd, non-triplen harmonics in
the FFT analysis of phase voltage and line-line voltage are zero.
From Figure 4.5, it also can be seen that the simulation voltage is beyond the
capability of an 11-level multilevel converter output. The voltage is too high for an 11level multilevel converter to produce. To produce such a high voltage, at least a 13-level
multilevel converter is necessary. This result is not what we want since now we are
working on an 11-level multilevel converter case. We want to use an 11-level converter
to produce the output voltage. To conquer this problem, the triplen harmonic
compensation method developed in chapter 3 now is applied to the multilevel converter
control. The phase output voltage is shown in Figure 4.6. The triplen harmonic
compensation method does not change the line-line voltage and THD as mentioned in
chapter 3.
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(a)

(b)

(c)
(d)
Figure 4.4: Fundamental frequency switching case simulation ( m = 2.28 ) (a) phase
voltage; (b) normalized FFT analysis of phase voltage; (c) line-line voltage; (d)
normalized FFT analysis of line-line voltage
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(a)

(b)

(c)
(d)
Figure 4.5: Harmonic elimination up to the 31st case simulation ( m = 2.28 ) (a) phase
voltage; (b) normalized FFT analysis of phase voltage; (c) line-line voltage; (d)
normalized FFT analysis of line-line voltage
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Figure 4.6: Phase voltage with the 5-31st odd, non-triplen harmonic eliminated with
triplen harmonic compensation ( m = 2.28 )
3. Harmonic elimination up to 49th case.

The simulation ( m = 2.28 ) results are shown in Figure 4.7. It also can be seen that
the 5-49th odd, non-triplen harmonic in the FFT analysis of phase voltage and line-line
voltage are zero. If we just compute THD up to the 50th harmonic, the THD is zero
because all harmonics below the 49th have been eliminated. If we compute THD up to the
80th harmonic, the THD is 4.31%, which is from the higher order harmonics.

4.2.2. Switching Control Strategy

To balance the switching loss during a whole cycle, the first-on, first-off strategy
is employed to control the switching here. The control flow chart is shown in Figure 4.8.
For example, the five switching control signals for an 11-level converter with 5
DC sources for m = 2.28 are shown in Figure 4.9.
From the figures of the switching signals, it can be seen that switching occurs in a
whole cycle. This can help to balance the load and the switching loss between several
levels. It also can be derived that this strategy distributes the switching times between
several levels, so each level can get almost the same average switching times in a cycle.
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(a)

(b)

(c)
(d)
Figure 4.7: Harmonic elimination up to the 49th case simulation ( m = 2.28 ) (a) phase
voltage; (b) normalized FFT analysis of phase voltage; (c) line-line voltage; (d)
normalized FFT analysis of line-line voltage
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Initialization

Set switch order and set all switches OFF

N

Does output voltage
change?
Y
Is it
positive?
Y

N

Look up the switch
table and set the next
available switch in the
table ON

Look up the switch
table and set the next
available switch in the
table OFF

N

N
Output==Set?

Output==Set?

Y

Y
Next output
N
Finished?
Y
Exit

Figure 4.8: Control flow chart for first-on, first-off strategy

89

(a)

(b)

(c)

(d)

(e)
Figure 4.9: Switching signals based on first-on, first-off strategy (a) switching signal 1;
(b) switching signal 2; (c) switching signal 3; (d) switching signal 4; (e) switching signal
5
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4.3. Switching Number for the Control Strategy

In theory, to eliminate the n th harmonic, the multilevel converter needs to switch
n times in a cycle. So the switching number in a cycle for the active harmonic elimination

method is N sw ≤

∑n

where n is the harmonic number. However, if a harmonic

n =17 ,19 , 23,L

amplitude is near zero, and the control resolution is lower than that required to eliminate
the harmonic, then switching will not occur. Another situation is overlap. The first
overlap case is one switching on time follows a switching off time immediately, then the
switch will be on until next switching off occurs. The second overlap case is one
switching off time follows a switching on time immediately, then the switch will be off
until next switching on occurs. The overlap will decrease the switching times.
It is not easy to compute the second case except the switching signals will be used
to count the switching times. But it is possible to compute the switching times for the first
case. If the switching control resolution is set, the switching times can be computed by:
N sw =

∑h

(4.17)

i
hi ∈{17 ,19 , 23,L}

where hi is the harmonic number that will be actively eliminated.
Figure 4.10 is the switching number computed by (4.17) in a cycle to satisfy the
THD requirement of below 3% and the THD requirement of below 5%. It can be seen
that the switching number for 3% THD requirement is higher than that of 5% THD
requirement.
It can be derived from Figure 4.10 (c) that to decrease THD from 5% to 3%, more
additional switchings are necessary except at a few modulation indices. From (d), the
percentage of additional switchings is higher than 50%.
Instead of limiting the THD of the output voltage, the goal can be to eliminate a
certain number of harmonics in the output voltage. For example, in the system, the
harmonics lower than 31st will be eliminated, then the switching number for one cycle
and its corresponding THD are shown in Figure 4.11. It can be seen that if one eliminates
the harmonics up to the 31st, the THD will be below 5% except for a few low modulation
indices.
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(a)

(b)

(c)
(d)
Figure 4.10: Minimum switching number in a cycle for different THD requirements (a)
for 3% THD; (b) for 5% THD; (c) additional switching number for decreasing THD from
5% to 3%; (d) increased percentage of switching number for 2% THD decreasing

92

(a)

(b)
Figure 4.11: Switching number in a cycle to eliminate harmonics below the 31st and its
corresponding THD (a) switching number; (b) THD
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4.4. Experiment

To validate the proposed active harmonic elimination method, the simulation
cases are implemented on an 11-level H-bridge multilevel converter.
Case 1: Harmonic elimination up to the 31st

From the FFT analysis in Figure 4.12 (c) and (d), it is clear that the harmonics up
to the 31st have been eliminated. Although it can be seen that the 23rd and 25th harmonics
are a little higher than 1%, this is because the control resolution is not infinitely small,
and the switches are not ideal.
Case 2: Harmonic elimination up to the 49th

From the FFT analysis in Figures 4.13 (c), we can see the first non-zero harmonic
is the 53rd harmonic. The harmonics up to the 49th have been eliminated. Some of the
harmonics are a little higher than 1%, which is shown in (d). This is because the control
resolution is not infinitely small and the switches are not ideal. They cannot be exactly
zero.
Case 3: Harmonic elimination up to the 49th with a 10 µF capacitor filter

A further experiment to eliminate harmonics up to the 49th harmonic with a 10 µF
capacitor paralleled at the output was implemented. The line-line voltage and its
normalized FFT analysis are shown in Figure 4.14. It can be seen that the output voltage
is very near a sinusoidal waveform. The THD is 2.26% when the harmonics are
computed up to the 80th.
From the FFT analysis in Figure 4.14 (b), it is obvious that all the higher order
harmonics are zero. The THD is from low order harmonics. This confirms the
expectation that a small filter can filter out the higher order harmonics. So we do not
worry about the higher order harmonics when we eliminate low order harmonics. A low
THD voltage can be achieved easily.
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(a)

(b)

(c)
(d)
Figure 4.12: Experimental results for harmonic elimination up to the 31st (THD = 4.0%)
(a) phase voltage; (b) line-line voltage; (c) normalized FFT analysis of line-line voltage;
(d) normalized harmonic contents of line-line voltage with fundamental content removed
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(a)

(b)

(c)
(d)
Figure 4.13: Experimental results for harmonic elimination up to the 49th (THD =
2.89%) (a) phase voltage; (b) line-line voltage; (c) normalized FFT analysis of line-line
voltage; (d) normalized harmonic contents of line-line voltage with fundamental content
removed
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(a)
(b)
Figure 4.14: Experimental results for harmonic elimination up to the 49th with a 10 µF
capacitor filter (THD = 2.26%) (a) line-line voltage; (b) normalized FFT analysis of lineline voltage
4.5. Summary

In this chapter, the active harmonic method has been developed to eliminate any
number of specified harmonics without the restriction of the number of unknowns in the
harmonic equations.
To balance the switching loss during a whole cycle, the first-on, first-off strategy
is employed to control the switching here. This strategy distributes the switching times
between several levels, so each level can get an average switching time in a cycle. This
strategy can also balance the load between several levels.
The simulation results and experimental results validated the active harmonic
elimination method of elimination of additional harmonics.
The developed methods can only be used for multilevel converters with equal DC
voltages, and cannot be applied to the multilevel converter with unequal DC voltages.
The control method for multilevel converters with unequal DC voltages will be discussed
in the next chapter.
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5.

Active Harmonic Elimination for Multilevel Converters
with Unequal DC Voltages

In the previous chapter, the active harmonic elimination method for multilevel
converter control with low modulation index has been developed.
Until now, most of the control methods developed for multilevel converters with
equal DC voltages cannot be used for multilevel converters with unequal DC voltages.
Space vector PWM, and space vector modulation methods cannot be applied to the
multilevel converters with unequal DC voltages. The carrier phase shifting method for
traditional PWM method also requires equal DC voltages. The existing control methods
for multilevel converters with unequal DC voltages are more complicated than that for
multilevel converters with equal DC voltages. For example, the resultant method can be
applied to multilevel converters with fundamental switching frequency up to 6 equal DC
sources, but it is very difficult to apply it to multilevel converters with 4 unequal DC
sources [17].
This chapter extends the active harmonic elimination method for multilevel
converters with equal DC voltages to multilevel converters with unequal DC voltages.
5.1. Resultant Method for Unipolar Switching Scheme Converters

Based on the harmonic elimination theory discussed in the previous chapters, the
control method is to choose a series of switching angles to synthesize a desired sinusoidal
voltage waveform. A typical five-angle unipolar switching output is shown in Figure 3.6,
whose Fourier series expansion is
V (t ) =

∞

4Vdc
[cos(nθ1 ) − cos(nθ 2 ) + cos(nθ 3 ) − cos(nθ 4 ) + cos(nθ 5 )] sin( nωt )
n =1, 3, 5... nπ

∑

(5.1)
The control method is similar to the fundamental frequency switching control
method. Given a desired fundamental voltage V1 , one wants to determine the switching
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angles θ1 , θ 2 , L , θ 5 so that V (ωt ) = V1 sin(ωt ) , and specific higher harmonics of
Vn (nωt ) are equal to zero. For a three-phase application, the triplen harmonics in each

phase need not be cancelled as they automatically cancel in the line-to-line voltages. In
this example, the 5th, 7th, 11th, and 13th order harmonics can be cancelled. So the control
needs to solve the following equations:
cos (θ 1 ) − cos (θ 2 ) + cos (θ 3 ) − cos (θ 4 ) + cos (θ 5 ) = m

cos (5θ 1 ) − cos (5θ 2 ) + cos (5θ 3 ) − cos (5θ 4 ) + cos (5θ 5 ) = 0

cos (7θ 1 ) − cos (7θ 2 ) + cos (7θ 3 ) − cos (7θ 4 ) + cos (7θ 5 ) = 0

cos (11θ 1 ) − cos (11θ 2 ) + cos (11θ 3 ) − cos (11θ 4 ) + cos (11θ 5 ) = 0

(5.2)

cos (13θ 1 ) − cos (13θ 2 ) + cos (13θ 3 ) − cos (13θ 4 ) + cos (13θ 5 ) = 0

Here the resultant method is employed to find the solutions when they exist. The
five-angle solutions are shown in Figure 3.7. The THD for the corresponding solution is
also shown in Figure 3.7. Here the modulation index is defined as m = πV1 /( 4Vdc ) , and
2

THD is defined as THD =

2

V5 + V7 + L + V49
V1

2

, as they are mentioned in Chapter 3.

From Figure 3.7, it can be seen that the solutions exist where the modulation
index m is below 0.91. The THD is high for small m and low for large m. Unipolar
converters generate not only the fundamental frequency voltage output, but also generate
high order harmonics. Here, we call the normalized high order harmonic components

πVn /(4Vdc ) vs m as the harmonic loci. The harmonic loci give us a sense for which
harmonics dominate the THD in the output voltage. Figure 5.1 shows the harmonic loci
for the odd non-triplen harmonics from the 17th to the 49th.
From the harmonic loci shown in Figure 5.1, it can be derived that the higher
order harmonics vary with the modulation indices. The harmonics are positive for part of
the modulation indices and negative for other parts of the modulation indices.
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(a)

(b)

(c)
(d)
Figure 5.1: Harmonic loci for unipolar converter (a) 17th, 19th, 23rd harmonic loci; (b)
25th, 29th, 31st harmonic loci; (c) 35th, 37th, 41st harmonic loci; (d) 43rd, 47th, 49th harmonic
loci

100

The property of the higher order harmonics shown in Figure 5.1 provides such a
possibility to decouple the multilevel converter control into the control of several
unipolar converters. The first unipolar converter generates a positive higher order
harmonic, and the second unipolar converter generates a negative harmonic of the same
frequency and the same phase, then the harmonics can cancel each other without
additional switchings. If the harmonics cannot be cancelled completely, at least, the
magnitude of the total harmonic will be decreased, and the THD of the output voltage
will be low.
5.2. Optimal Combination Method for THD Control

Cascaded H-bridge multilevel converters could be viewed as several unipolar
converters connected in series and can be controlled independently. The control method
inherently cannot generate low order harmonics since each unipolar converter cannot
generate low order harmonics under equal or unequal DC voltage cases.
Multilevel converters satisfy the following equations:
For each unipolar converter i :
cos (θ i1 ) − cos (θ i 2 ) + cos (θ i 3 ) − cos (θ i 4 ) + cos (θ i 5 ) = m i

cos (5θ i1 ) − cos (5θ i 2 ) + cos (5θ i 3 ) − cos (5θ i 4 ) + cos (5θ i 5 ) = 0

cos (7θ i1 ) − cos (7θ i 2 ) + cos (7θ i 3 ) − cos (7θ i 4 ) + cos (7θ i 5 ) = 0

cos (11θ i1 ) − cos (11θ i 2 ) + cos (11θ i 3 ) − cos (11θ i 4 ) + cos (11θ i 5 ) = 0

(5.3)

cos (13θ i1 ) − cos (13θ i 2 ) + cos (13θ i 3 ) − cos (13θ i 4 ) + cos (13θ i 5 ) = 0
s

Therefore, the total modulation index m = ∑ ci
i =1

Vdci
mi , Here, Vdc is the nominal
Vdc

DC voltage, Vdci is the ith DC voltage and ci (ci ∈ {− 1,0,1}) is called a combination
coefficient. For convenience, here define k i =

s
Vdci
, then m = ∑ ci k i mi .
Vdc
i =1

As mentioned previously, the harmonic contents are positive for some modulation
indices and are negative for other modulation indices. So it is possible to get a
combination of several unipolar converters for each modulation index m of the multilevel
converters with desired features, such as the lowest THD.
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For different application requirements, we have different optimal goals. For
example, here, we assume three cases:
Case 1: Minimum THD and eliminate the 5th, 7th, 11th and 13th harmonics.

The goal is to find a combination with 2 s + 1 DC voltage levels with minimum
THD:
2

THD =

2

V17 + V19 + L + V49

2

(5.4)

V1

Case 2: Minimum THD and eliminate the 5th, 7th, 11th, 13th, 17th, 19th, 23rd and
25th harmonics.

The goal is to find a combination with 2 s + 1 DC voltage levels with minimum
THD:
2

THD =

2

V29 + V31 + L + V49

2

(5.5)

V1

Case 3: Minimum THD and eliminate the 5-37th harmonics.

The goal is to find a combination with 2 s + 1 DC voltage levels with minimum
THD:
2

THD =

2

V41 + V43 + L + V49

2

(5.6)

V1

1. Minimum THD search with equal DC voltage levels

In the Minimum THD search, with s = 4 and equal DC voltage level conditions,
the minimum THD with optimal combination are shown in Figure 5.2.
From the computation results, it can be seen that the combinations for middle
range m can achieve low THD. The number of combinations for the high range m is very
few. Therefore the THD for high m is high.
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(a)

(b)

(c)
Figure 5.2: Minimum THD for equal DC voltages (a) harmonic elimination to the 13th;
(b) harmonic elimination to the 25th; (c) harmonic elimination to the 37th
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Here, Figure 5.2 is for 9-level multilevel converter control with equal DC
voltages. It is of interest to compare the control performance with 9-level multilevel
converter control by fundamental frequency switching method in Figure 3.3. A major
difference between Figure 3.3 and Figure 5.2 is the modulation index range. The
modulation index in Figure 5.2 is continuous, but it is discontinuous in Figure 3.3. A
practical application generally needs a continuous modulation index range. For this
reason, the control method proposed here is better than the fundamental frequency
switching method.
2. Minimum THD search with unequal DC voltage levels

In the Minimum THD search, under s = 4 and unequal DC voltage level
conditions, the THD with optimal combination are shown in Figure 5.3. In situation 1,
k1 = 1.1617 , k 2 = 1.0278 , k 3 = 0.9722 , k 4 = 0.9444 ; in situation 2, k1 = 1.0556 ,
k 2 = 1.0278 , k 3 = 1 , k 4 = 0.9444 .

5.3. Active Harmonic Elimination Method

From the computational results, it can be seen that if just the 5th, 7th, 11th and 13th
harmonics are eliminated, the THD is higher than 5%. To decrease the THD of the output
voltage, the active harmonic elimination method can be used to eliminate higher order
harmonics.
Similar to the fundamental frequency switching control method mentioned in
chapter 4, from (4.1), the voltage contents can be divided into four parts:
1. Fundamental frequency voltage:
s

V p1 (t ) = ∑
i

4ci k iVdc

π

[cos(θ i1 ) − cos(θ i 2 ) + cos(θ i 3 ) − cos(θ i 4 ) + cos(θ i 5 )] sin(ωt )
(5.7)
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(a)

(b)

(c)
Figure 5.3: Minimum THD for unequal DC voltages (a) harmonic elimination to the
13th; (b) harmonic elimination to the 25th; (c) harmonic elimination to the 37th
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2. Triplen harmonic voltages:
V p 2 (t ) =
4c i k iVdc
[cos(nθ i1 ) − cos(nθ i 2 ) + cos(nθ i 3 ) − cos(nθ i 4 ) + cos(nθ i 5 )] sin( nωt )
nπ
n = 3, 9 ,15 ,L

s

∑ ∑
i

(5.8)
3. Low order harmonic voltages that can be eliminated by applying resultant
method.
V p 3 (t ) =
4ci k iVdc
[cos(nθ i1 ) − cos(nθ i 2 ) + cos(nθ i 3 ) − cos(nθ i 4 ) + cos(nθ i 5 )] sin( nωt )
nπ
n = 5, 7 ,11,13

s

∑ ∑
i

(5.9)
4. High order harmonic voltages that cannot be eliminated by applying resultant
method.
V p 4 (t ) =
4c i k iVdc
[cos(nθ i1 ) − cos(nθ i 2 ) + cos(nθ i 3 ) − cos(nθ i 4 ) + cos(nθ i 5 )] sin( nωt )
nπ
n =17 ,19 , 23,L

s

∑ ∑
i

(5.10)
Assuming the application is a balanced three-phase system, the triplen harmonics
(5.8) need not be eliminated. This then leaves V p 4 . To eliminate these harmonics, the
active harmonic elimination method developed in chapter 4 is used. A square wave is
generated (one for each of these harmonics) whose fundamental is equal to the negative
of the residual harmonic that is to be eliminated. For example, to eliminate the 17th
harmonic, a square wave whose Fourier series expansion is
V (t ) =
s

−∑
i

4c i k iV dc
[cos(nhθ i1 ) − cos(nhθ i 2 ) + cos(nhθ i 3 ) − cos(nhθ i 4 ) + cos(nhθ i 5 )] sin(nhωt )
nπ
n =1, 3, 5L

∑

(5.11)
is generated, where h = 17 . As mentioned in chapter 4, the n = 1 term of (5.11) cancels
the n = 17 term of (5.10) and the next harmonic of concern that is produced by (5.11) is
at 5×17 = 85. This harmonic and higher ones (7×17, etc.) are easy to filter using a lowpass filter. Repeating the above procedure to the multilevel converter, the 19th, 23rd …
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harmonics can all be eliminated. The net effect of this method is to remove the low order
harmonics and to generate new higher order harmonics by increasing the switching
frequency.

By
2

THD =

using
2

V5 + V7 + L + V49
V1

the

active

harmonic

elimination

method,

the

2

of the output voltage for different optimal combination

versus m is shown in Figure 5.2 for equal DC voltages. For unequal DC voltages, the
results are shown in Figure 5.3. The additional switching number in a cycle for the active
harmonic elimination method is N sw ≤

∑n

, which is mentioned in chapter 4. For

n =17 ,19 , 23,L

example, if the harmonics are eliminated through the 25th, the upper limit switching
number is 84; if the harmonics are eliminated through the 37th, the upper limit switching
number is 216. This has been discussed in chapter 4.
5.4. Simulation Study

To verify the control method, an equal DC voltage case and an unequal DC
voltage case simulation studies have been implemented. The simulation includes an
output voltage waveform and its FFT analysis.
1. Equal DC voltage case ( m = 2.86 ).

A phase voltage and line-line voltage simulation with the 5th, 7th, 11th and 13th
harmonics eliminated is shown in Figure 5.4; its corresponding normalized FFT analysis
of the line-line voltage is also shown in Figure 5.4. A phase voltage and line-line voltage
simulation with the 5th to 25th harmonics eliminated is shown in Figure 5.5 with its
corresponding normalized FFT analysis of the line-line voltage. A phase voltage and lineline voltage simulation with the 5th to 37th harmonics eliminated is shown in Figure 5.6 as
well as a normalized FFT analysis of the line-line voltage.
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(b)
(a)
th
th
Figure 5.4: Simulation with the 5 to 13 harmonics eliminated (THD = 3.70%) (a)
phase voltage and line-line voltage; (b) normalized FFT analysis of line-line voltage

(a)
(b)
Figure 5.5: Simulation with the 5th to 25th harmonics eliminated (THD = 3.55%) (a)
phase voltage and line-line voltage; (b) normalized FFT analysis of line-line voltage
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(a)
(b)
Figure 5.6: Simulation with the 5th to 37th harmonics eliminated (THD = 2.36%) (a)
phase voltage and line-line voltage; (b) normalized FFT analysis of line-line voltage

From the simulation results, it can be seen that the unipolar converter control
method can effectively eliminate the harmonics the 5-13th for equal DC voltages; the
active harmonic elimination method can eliminate additional harmonics by adding more
switchings. The corresponding THD computed through the 49th in theory for the above
three cases are 3.72%, 1.83%, and 0.14%. The THD for the three simulation cases are
3.70%, 3.55%, and 2.36%, respectively. From the simulation, it can be seen that the THD
of the simulation output voltage with the 5-13th harmonics eliminated is the same as in
theory; the THD of the simulation output voltage with the 5-25th harmonics eliminated is
a little higher than that of in theory; and the THD of the simulation output voltage with 537th harmonics eliminated is much higher than that of in theory. The reason is because the
simulation step size is not infinitely small, and when the THD is small for a case, this
makes a significant contribution to the THD error.

(2). Unequal DC voltage situation ( k1 = 1.1617 , k 2 = 1.0278 , k 3 = 0.9722 ,
k 4 = 0.9444 , Vdc = 36 V , m = 2.86 ).
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A phase voltage and line-line voltage simulation with 5th, 7th, 11th and 13th
harmonics eliminated is shown in Figure 5.7. Its corresponding normalized FFT analysis
of the line-line voltage is also shown in Figure 5.7. A phase voltage and line-line voltage
simulation with 5th to 25th harmonics eliminated is shown in Figure 5.8 with its
corresponding normalized FFT analysis of the line-line voltage. A phase voltage and the
line-line voltage simulation with the 5th to 37th harmonics eliminated is shown in Figure
5.9 along with a normalized FFT analysis of the line-line voltage.
From the simulation results, It can be seen that the unipolar converter control
method can effectively eliminate the 5-13th harmonics for multilevel converter with
unequal DC voltages; the active harmonic elimination method can also eliminate
additional harmonics by adding more switchings for multilevel converters with unequal
DC voltages. The corresponding THD in theory for the above three cases are 3.65%,
1.31%, and 0.05%. The THD for the three simulation cases are 3.59%, 1.79%, and 1.65%
respectively.

(a)
(b)
th
th
Figure 5.7: Simulation with the 5 to 13 harmonics eliminated with unequal DC
voltages (THD = 3.59%) (a) phase voltage and line-line voltage; (b) normalized FFT
analysis of line-line voltage
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(a)
(b)
Figure 5.8: Simulation with the 5th to 25th harmonics eliminated with unequal DC
voltages (THD = 1.79%) (a) phase voltage and line-line voltage; (b) normalized FFT
analysis of line-line voltage

(a)
(b)
Figure 5.9: Simulation with the 5th to 37th harmonics eliminated with unequal DC
voltages (THD = 1.65%) (a) phase voltage and line-line voltage; (b) normalized FFT
analysis of line-line voltage
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From the simulation, we can see that the THD of the simulation output voltage
with 5-13th harmonics eliminated is the same as in theory; the THD of the simulation
output voltage with 5-25th harmonics eliminated is a little higher than that of in theory;
and the THD of the simulation output voltage with the 5-37th harmonics eliminated is
much higher than that of in theory. Again, the reason is because the simulation step size
is not infinitely small, and when the THD is small for a case, this makes a significant
contribution to the THD error.
5.5. Switching Control Strategy

For the equal DC voltage situation, the first-on, first-off strategy can be used to
control the switching. The method can balance the switching loss during a whole cycle.
This strategy also distributes the switchings between several DC levels, so each DC
source can get an average switching time in a cycle, and balance the load between several
DC levels.
For unequal DC voltage situation, the switchings for one DC voltage level cannot
be switched by the other DC voltage levels. Therefore, first-on, first-off strategy cannot
be used to control the multilevel converters. As mentioned above, to eliminate a
harmonic, a negative harmonic must be generated by the multilevel converter. Because a
specific voltage level is used to generate the negative harmonic, other voltage levels
cannot be used to generate the harmonic because they have different voltage levels. One
problem occurs if a voltage level cannot generate the negative harmonic based on its
unipolar voltage waveform. To conquer the problem, the pulse-based switching control
strategy is proposed here. A harmonic voltage is split into a series of pulses. If a voltage
level cannot generate the necessary pulse, another voltage level is used to generate this
pulse based on the following equation:
Vdc1 cos(θ1 ) = Vdc 2 cos(θ 2 )

(5.12)

where θ 1 and θ 2 are the harmonic switching angles under voltage Vdc1 and Vdc2. Under
this condition, two pulses are guaranteed to have same fundamental frequency contents.
Repeat this process until all the necessary harmonic pulses have been generated. Then the
output voltage will not contain the specified harmonics.
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The switching control flow chart is shown in Figure 5.10.

5.6. Experiment

To validate the proposed active harmonic elimination method for multilevel
converters with unequal DC voltages, the simulation cases are implemented on an 11level H-bridge multilevel converter.
1. Equal DC voltage case (m = 2.86, Vdc = 36 V)
Case 1: 5-13th harmonics eliminated.

From the FFT analysis in Figures 5.11(c) and (d), it is clear that the harmonics up
to the 13th have been eliminated.
Case 2: 5-25th harmonics eliminated.

From the FFT analysis in Figures 5.12(c) and (d), it is clear that the harmonics up
to the 25th have been eliminated.
Case 3: 5-37th harmonics eliminated.

From the FFT analysis in Figure 5.13(c), it is clear that the harmonics up to the 37th have
been eliminated. Although it can be seen from Figure 5.13(d) that the 11th, 19th, and 29th
harmonics are a little higher than 1%, this is because the control resolution is not
infinitely small, and the switches are not ideal.

2. Unequal DC voltage case (m = 2.86, Vdc1 = 42 V, Vdc2 = 37 V, Vdc3 = 35 V,
and Vdc4 = 34 V).
Case 1: 5-13th harmonics eliminated.

From the FFT analysis in Figure 5.14, it is clear that the harmonics up to 13th have
been eliminated.
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Initialization

Compute the necessary harmonic pulses

Y
Can the voltage level
generate the pulse?
N
Go to next voltage level.

Next pulse.
N
Finished?
Y
Exit.

Figure 5.10: Switching control flow chart for multilevel converters with unequal
DC voltage cases
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(a)

(b)

(c)
(d)
Figure 5.11: Experiment with the 5th to 13th harmonics eliminated with equal DC
voltages (THD = 3.60%) (a) phase voltage; (b) line-line voltage; (c) normalized FFT
analysis of line-line voltage; (d) normalized harmonic contents of line-line voltage with
fundamental content removed
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(a)

(b)

(c)
(d)
Figure 5.12: Experiment with the 5th to 25th harmonics eliminated with equal DC
voltages (THD = 2.08%) (a) phase voltage; (b) line-line voltage; (c) normalized FFT
analysis of line-line voltage; (d) normalized harmonic contents of line-line voltage with
fundamental content removed
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(a)

(b)

(c)
(d)
Figure 5.13: Experiment with the 5th to 37th harmonics eliminated with equal DC
voltages (THD = 2.86%) (a) phase voltage; (b) line-line voltage; (c) normalized FFT
analysis of line-line voltage; (d) normalized harmonic contents of line-line voltage with
fundamental content removed
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(a)

(b)

(c)
(d)
Figure 5.14: Experiment with the 5th to 13th harmonics eliminated with unequal DC
voltages (THD = 3.24%) (a) phase voltage; (b) line-line voltage; (c) normalized FFT
analysis of line-line voltage; (d) normalized harmonic contents of line-line voltage with
fundamental content removed
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Case 2: 5-25th harmonics eliminated.

From the FFT analysis in Figure 5.15(c), it is clear that the harmonics up to the
25th have been eliminated. Although it can be seen from Figure 5.15(d) that the 17th and
21st harmonics are a little higher than 1%, this is because the control resolution is not
infinitely small, and the switches are not ideal.
Case 3: 5-37th harmonics eliminated.

From the FFT analysis Figure 5.16(c), it is clear that the harmonics up to the 37th
have been eliminated. Although it can be seen from Figure 5.16(d) that the 35th
harmonics are a little higher than 1%, this is because the control resolution is not
infinitely small, and the switches are not ideal.
For convenience, the THD for all the situations are summarized in Table 5.1.

2

Table 5.1. THD =

2

V5 + V7 + L + V49
V1

2

× 100% (m = 2.86) under different conditions

Equal DC voltages

Unequal DC voltages

Theoretical Simulation Experiment Theoretical Simulation Experiment
Case 1:
5-13th
Case 2:
5-25th
Case 3:
5-37th

3.72

3.70

3.60

3.65

3.59

3.24

1.83

3.55

2.08

1.31

1.79

2.28

0.14

2.36

2.86

0.05

1.65

3.59
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(a)

(b)

(c)
(d)
Figure 5.15: Experiment with the 5th to 25th harmonics eliminated with unequal DC
voltages (THD = 2.28%) (a) phase voltage; (b) line-line voltage; (c) normalized FFT
analysis of line-line voltage; (d) normalized harmonic contents of line-line voltage with
fundamental content removed
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(a)

(b)

(c)
(d)
Figure 5.16: Experiment with the 5th to 37th harmonics eliminated with unequal DC
voltages (THD = 3.59%) (a) phase voltage; (b) line-line voltage; (c) normalized FFT
analysis of line-line voltage; (d) normalized harmonic contents of line-line voltage with
fundamental content removed
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From Table 5.1, it can be seen that the THD of experiment corresponds well with
the THD of the theoretical and simulation for case 1 of harmonics elimination 5-13th. For
case 2 of harmonics elimination 5-25th, the THD of the experiment is a little higher than
the THD of the theoretical computation, but it corresponds well with the THD of the
simulation. For case 3 of harmonics elimination 5-37th, the THD of the experiment is
much higher than the THD of the theoretical, but it corresponds well with the THD of
simulation. The reason that the THD of the experiments in case 2 and case 3 are higher
than that of the theoretical computation is the control accuracy prevents the eliminated
harmonics to be exactly zero, and the residues of these low order harmonics make a
major contribution to the THD. This can be seen from the FFT analysis figures: the low
order harmonics are not exactly zero although they are very small.
5.7. Summary

This chapter extends the active harmonic elimination method to multilevel
converters with unequal DC voltages. First, the resultant method and harmonic
elimination theory are used to determine switching angles for unipolar converters.
Second, the unipolar converters are used to construct multilevel converters and the
combination for optimal THD control is searched. Third, the active harmonic elimination
method is used to eliminate higher order harmonics.
To apply this method to the multilevel converters with unequal DC voltages, the
method is first developed for equal DC voltage cases. Then it is extended for unequal DC
voltages. The simulation results show that the proposed control method is very effective
in multilevel converters with equal DC voltages or unequal DC voltages.
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6.

Optimization of Active Harmonic Elimination

Harmonic elimination methods in multilevel converters presented in Chapter 4
and 5 has two procedures; the first is to use the fundamental frequency switching scheme
or the unipolar switching scheme to eliminate low order harmonics, then to use the active
harmonic elimination method to eliminate high order harmonics. The order of the two
procedures results in high switching number in a cycle and high switching loss. If the
fundamental frequency switching scheme or the unipolar switching scheme can be used
to eliminate high order harmonics, and the active harmonic elimination method can be
used to eliminate low order harmonics, the switching number in a cycle and switching
loss will decrease. In this chapter, the fundamental switching scheme and the unipolar
switching scheme are used to eliminate high order harmonics, and the active harmonic
elimination method is used to eliminate low order harmonics. This method is compared to
that in Chapter 4 for switching number and output voltage THD.
In Chapter 5, the active harmonic elimination method is extended to unequal DC
voltage cases. This method also has a disadvantage of high switching frequency. To
decrease switching frequency, the switching angles for the lowest harmonic distortion are
proposed as initial guesses for Newton’s method to find a new set switching angles to
completely eliminate the specified harmonics. This optimized harmonic elimination
method will have an advantage of lower switching frequency.
6.1. Optimization of Active Harmonic Elimination Method with Fundamental
Frequency Switching Scheme

Based on the harmonic elimination theory discussed previously, the fundamental
switching scheme with n switching angles can eliminate any specified n-1 harmonics. For
example, in the 11-level multilevel converter case, any specified 4 harmonics can be
cancelled. In this research case, the 5th, 7th, 11th, 13th, 17th, 19th, 23rd, 25th, 29th and 31st
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harmonics will be eliminated. If we apply the active harmonic elimination method to the
11-level multilevel converter case, the 5th, 7th, 11th, 13th low order harmonics are
cancelled by the fundamental frequency switching method, and the 17th, 19th, 23rd, 25th,
29th and 31st harmonics are eliminated by the active harmonic elimination method. To get
the switching angles for the fundamental frequency method, the following equations need
to be solved.
cos (θ 1 ) + cos (θ 2 ) + cos (θ 3 ) + cos (θ 4 ) + cos (θ 5 ) = m

cos (5θ 1 ) + cos (5θ 2 ) + cos (5θ 3 ) + cos (5θ 4 ) + cos (5θ 5 ) = 0

cos (7θ 1 ) + cos (7θ 2 ) + cos (7θ 3 ) + cos (7θ 4 ) + cos (7θ 5 ) = 0

cos (11θ 1 ) + cos (11θ 2 ) + cos (11θ 3 ) + cos (11θ 4 ) + cos (11θ 5 ) = 0

(6.1)

cos (13θ 1 ) + cos (13θ 2 ) + cos (13θ 3 ) + cos (13θ 4 ) + cos (13θ 5 ) = 0
where m is defined as the modulation index.
In this control case, the additional switching number required to eliminate the
17th, 19th, 23rd, 25th, 29th and 31st harmonics is:
N sw ≤

∑n

(6.2)

n∈{17 ,19 , 23, 25, 29 , 31}

where n is the harmonic number. As discussed in Chapter 4, if a harmonic is near zero,
the control resolution is lower than that required to eliminate the harmonic, then
switching will not occur. And the overlaps also will decrease the switching times. The
upper bound of the additional switching number is 144.
To decrease the required switching number, the high order harmonics 31st, 29th,
23rd, 19th could be chosen to be eliminated by the fundamental frequency method, and the
5th, 7th, 11th, 13th, 17th, and 25th harmonics could be eliminated by the active harmonic
elimination method. This method is referred to as the optimized active harmonic
elimination method. Here, the 25th harmonic cannot be chosen to be eliminated by the
fundamental frequency switching method because the active harmonic method will
generate a new 25th harmonic when it is used to eliminate the 5th harmonic.
Similar to the active harmonic elimination method, to find the switching angles
for the optimized active harmonic elimination method, the following equations need to be
solved.
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cos (θ 1 ) + cos (θ 2 ) + cos (θ 3 ) + cos (θ 4 ) + cos (θ 5 ) = m

cos (19 θ 1 ) + cos (19 θ 2 ) + cos (19 θ 3 ) + cos (19 θ 4 ) + cos (19 θ 5 ) = 0

cos (23θ 1 ) + cos (23θ 2 ) + cos (23θ 3 ) + cos (23θ 4 ) + cos (23θ 5 ) = 0

cos (29θ 1 ) + cos (29 θ 2 ) + cos (29 θ 3 ) + cos (29θ 4 ) + cos (29 θ 5 ) = 0

(6.3)

cos (31θ 1 ) + cos (31θ 2 ) + cos (31θ 3 ) + cos (31θ 4 ) + cos (31θ 5 ) = 0

For the optimized active harmonic elimination method, the additional switching
number required to eliminate the 5th, 7th, 11th, 13th, 17th, and 25th harmonics is:
N sw ≤

∑n

(6.4)

n∈{5 , 7 ,11,13,17 , 25}

The upper bound of the additional switching number is 78. It is about half of the
switchings than when the active harmonic elimination method is used for high frequency
harmonics. In theory, the optimized active harmonic elimination method has less
switching number than that of the active harmonic elimination method.
Equation (6.1) can be solved by the resultant method and all the solutions can be
found, but (6.3) cannot be solved by the resultant method because the degrees of its
polynomials are too high.
To conquer this problem, the fundamental frequency switching angle computation
of (6.3) is solved by the Newton climbing method developed in Chapter 3. The initial
guess is from the solutions of (6.1). Although the Newton climbing method cannot find
all the solutions for (6.3), if the solutions are continuous, it is still practical for
applications because the THD difference for high-order solutions is low for different
solution sets.
As expected, most of the continuous solutions can be found by this search
method. The solutions of (6.3) vs. modulation index m = πV1 /(4Vdc ) are shown in Figure
6.1. The lowest THD of active harmonic elimination method and optimized active
harmonic elimination method is shown in Figure 6.2.
From Figure 6.1, it can be seen the modulation index range is from 2.15 to 4.14.
The solutions are continuous. It also can be seen that for a specific modulation index,
there are more solution sets for (6.3) than for (6.1). If the equation has higher harmonics,
then it has more solution sets.
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Figure 6.1: Solutions to 11-level multilevel converter case to eliminate the 19th, 23rd,
29th, 31st harmonics with fundamental frequency switching scheme

Figure 6.2: Lowest THD for active harmonic elimination method and optimized active
harmonic elimination method
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From Figure 6.2, it can be seen that for some low modulation indices and high
modulation indices, the THD of the optimized active harmonic elimination method is
higher than that of the active harmonic elimination method. For most of the range of the
modulation indices, the difference in THD is very low.
The switching number in a cycle corresponding to the lowest THD situation for
both the active harmonic elimination method and the optimized active harmonic
elimination method is shown in Figure 6.3.
As discussed previously, the upper bound of the switching number for the active
harmonic elimination method is 144 and 78 for the optimized harmonic elimination
method. It can be derived that to eliminate the same harmonics and achieve a similar
THD, the optimized harmonic elimination method needs less switching number than that
of the active harmonic elimination method with fundamental frequency switching
scheme. Therefore, the optimized active harmonic elimination method results in lower
switching loss and higher efficiency.

Figure 6.3: Switching number corresponding to the lowest THD for active harmonic
elimination method and optimized active harmonic elimination method show in Figure
6.2
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6.2. High Order Harmonic Elimination Optimization of Active Harmonic
Elimination Method with Unipolar Switching Scheme

If the unipolar switching scheme is used for multilevel converter control with
equal or unequal DC voltages, the optimization method could use the unipolar switching
scheme to eliminate high order harmonics and use the active harmonic elimination
method to eliminate low order harmonics to decrease switching frequency.
Figure 6.4 shows one example of using the five-angle unipolar switching scheme
to eliminate high order harmonics. The equation for this method is:
cos (θ 1 ) − cos (θ 2 ) + cos (θ 3 ) − cos (θ 4 ) + cos (θ 5 ) = m

cos (19 θ 1 ) − cos (19 θ 2 ) + cos (19 θ 3 ) − cos (19 θ 4 ) + cos (19 θ 5 ) = 0

cos (23θ 1 ) − cos (23θ 2 ) + cos (23θ 3 ) − cos (23θ 4 ) + cos (23θ 5 ) = 0

cos (29 θ 1 ) − cos (29 θ 2 ) + cos (29 θ 3 ) − cos (29 θ 4 ) + cos (29 θ 5 ) = 0

(6.5)

cos (31θ 1 ) − cos (31θ 2 ) + cos (31θ 3 ) − cos (31θ 4 ) + cos (31θ 5 ) = 0

The equation is solved by the Newton climbing method with the initial guesses from the
solutions to eliminate the 5th, 7th, 11th, and 13th harmonics using the resultant method.
The solutions to equation (6.5) are shown in Figure 6.4.

Figure 6.4: Switching angles for five-angle unipolar scheme to eliminate the 19th, 23rd,
29th, and 31st harmonics
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From Figure 6.4, it also can be seen that even the Newton climbing method does
not guarantee to find all the solutions. However, it still can find enough continuous
solutions for practical applications. Therefore, the lowest THD combination search
method and the active harmonic elimination method proposed in Chapter 5 could be used
to eliminate the specified harmonics. The upper bound switching number for harmonic
elimination to 31st is 5+7+11+13+17+25 = 78 instead of 17+19+23+25+29+31 = 144,
which is required for the active harmonic elimination method. To further decrease the
switching frequency, another optimization method with the unipolar switching scheme is
proposed. This is described in the next section.
6.3. Optimization of Active Harmonic Elimination Method with Unipolar Switching
Scheme Using the Newton Climbing Method

For multilevel converters, the second optimization method could be to search an
initial guess for the Newton climbing method to solve harmonic equations to directly
eliminate the specified harmonics. This method can further decrease the switching
frequency.
s

As discussed in Chapter 5, the total modulation index is m = ∑ ci
i =1

Vdci
mi for a
Vdc

multilevel converter when decouple control is applied to it. Here, Vdc is the nominal DC

{
}
voltage, Vdci is the ith DC voltage, and ci (ci ∈ − 1,0,1 ) is called the combination
s
Vdci
coefficient. For convenience, here let k i =
, then m = ∑ ci k i mi .
Vdc
i =1

Because the harmonic contents are positive for some modulation indices and are
negative for other modulation indices, it is possible to get a combination of several
unipolar converters for each modulation index m of the multilevel converter with the
lowest harmonic distortion for the specified harmonics.
(1). Five-level case

The modulation index is
129

2

m = ∑ c i k i mi

(6.6)

i =1

The initial switching angle guess is found by searching for the lowest harmonic
distortion:
2

2

2

2

HD = V17 + V19 + V23 + V25 + V29

2

(6.7)

Here, Vn is the nth harmonic which can be expressed as:
s

Vn = ∑
i =1

4c i k iVdc
[cos(nθ i1 ) − cos(nθ i 2 ) + cos(nθ i 3 ) − cos(nθ i 4 ) + cos(nθ i 5 )]
nπ

(6.8)

The switching angle sets corresponding to the lowest harmonic distortion (HDmin) could
be used as initial guesses to solve the equation:
5

5

i =1

i =1

k 1 c1 ∑ ( − 1) i +1 cos (θ 1i ) + k 2 c 2 ∑ ( − 1) i +1 cos (θ 2 i ) = m
5

5

i =1

i =1

k 1 c1 ∑ ( − 1) i +1 cos (5θ 1i ) + k 2 c 2 ∑ ( − 1) i +1 cos (5θ 2 i ) = 0

(6.9)

M
5

5

i =1

i =1

5

5

i =1

i =1

k 1 c1 ∑ ( − 1) i +1 cos (25θ 1i ) + k 2 c 2 ∑ ( − 1) i +1 cos (25θ 2 i ) = 0
k 1 c1 ∑ ( − 1) i +1 cos (29 θ 1i ) + k 2 c 2 ∑ ( − 1) i +1 cos (29 θ 2 i ) = 0

By using the proposed method, the equal case (k1 = k2 = 1) and three unequal
cases (k1 = 0.8, k2 = 1; k1 = 0.75, k2 = 1; k1 = 0.67, k2 = 1) are computed. The switching
angles are shown in Figures 6.5― 6.8.
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(a)
(b)
Figure 6.5: Switching angles for five-level multilevel converter to eliminate harmonics
below the 29th (k1 = k2 = 1) (a) switching angle set 1; (b) switching angle set 2

(a)
(b)
Figure 6.6: Switching angles for five-level multilevel converter to eliminate harmonics
below the 29th (k1 = 0.8, k2 = 1) (a) switching angle set 1; (b) switching angle set 2
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(a)
(b)
Figure 6.7: Switching angles for five-level multilevel converter to eliminate harmonics
below the 29th (k1 = 0.75, k2 = 1) (a) switching angle set 1; (b) switching angle set 2

(a)
(b)
Figure 6.8: Switching angles for five-level multilevel converter to eliminate harmonics
below the 29th (k1 = 0.67, k2 = 1) (a) switching angle set 1; (b) switching angle set 2
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From Figures 6.5 ― 6.8, it can be seen that if the coefficients k1 and k2 are nearly
equal, more solutions could be found and the solutions have wider modulation index
range. For some modulation indices, no solution can be found by this method.
(2). Seven-level case

The modulation index is
3

m = ∑ c i k i mi

(6.10)

i =1

The initial switching angle guess is found by searching the lowest harmonic
distortion:
2

2

2

2

2

2

2

2

2

HD = V17 + V19 + V23 + V25 + V29 + V31 + V35 + V37 + V41 + V43

2

(6.11)

Here, Vn is the nth harmonic which can be expressed as by (6.8).
The switching angle sets corresponding to the lowest harmonic distortion (HDmin)
could be used as initial guesses to solve the equation:

∑ k j c j ∑ ( − 1) i +1 cos (θ ji ) = m
3

5

j =1

i =1

∑ k j c j ∑ ( − 1) i +1 cos (5θ ji ) = 0
3

5

j =1

i =1

(6.12)

M
j

c j ∑ ( − 1) i +1 cos (41θ ji ) = 0

j

c j ∑ ( − 1) i +1 cos (43θ ji ) = 0

3

∑k
j =1

5

3

∑k
j =1

i =1
5

i =1

By using the proposed method, the equal case (k1 = k2 = k3 = 1) and two unequal
cases (k1 = 0.9, k2 = 0.95, k3 = 1; k1 = 0.6, k2 = 0.8, k3 = 1) are computed. The switching
angles are shown in Figures 6.9― 6.11.
From Figures 6.9―6.11, it also can be seen that if the coefficients k1, k2 and k3 are
close to the same value, more solutions can be found and the solutions have wider
modulation index range. For some modulation indices, no solution can be found by this
method.
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(a)

(b)

(c)
Figure 6.9: Switching angles for seven-level multilevel converter to eliminate harmonics
below the 43rd (k1 = 1, k2 = 1, k3 = 1) (a) switching angle set 1; (b) switching angle set 2;
(c) switching angle set 3
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(a)

(b)

(c)
Figure 6.10: Switching angles for seven-level multilevel converter to eliminate
harmonics below the 43rd (k1 = 0.9, k2 = 0.95, k3 = 1) (a) switching angle set 1; (b)
switching angle set 2; (c) switching angle set 3
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(a)

(b)

(c)
Figure 6.11: Switching angles for seven-level multilevel converter to eliminate
harmonics below the 43rd (k1 = 0.6, k2 = 0.8, k3 = 1) (a) switching angle set 1; (b)
switching angle set 2; (c) switching angle set 3
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Compared to the first optimization method, the second optimization method has
lower switching frequency, but the solutions are not available for the whole modulation
index range. The first optimization method can be applied to the whole modulation index
range.
Therefore, for practical applications, the second optimization method is the first
choice. If the second optimization method cannot find a solution for a specified
modulation index, the first optimization method can be used.

6.4. Simulation

To verify the active harmonic elimination method, an equal DC voltage case and
an unequal DC voltage case simulation studies have been implemented. The simulation
includes output voltage waveform and FFT analysis, which are show in Figures 12―19.
6.5. Experiment
6.5.1. Experiment for Optimized Active Harmonic Elimination Method with
Fundamental Frequency Switching Scheme

To validate the optimized active harmonic elimination method, the m = 3.79 case
is chosen for optimized active harmonic elimination method with fundamental frequency
switching scheme to implement on the multilevel converter. Figure 6.20 shows the
experimental line-line voltage for the optimized active harmonic elimination method with
fundamental frequency switching scheme and its corresponding normalized FFT analysis.
Form Figure 6.20, it can be seen that the harmonics have been eliminated up to
the 31st with the optimized active harmonic elimination method. The experimental THD
is 3.52%. It corresponds very well with the theoretical computation of 3.15%. The
switching number is 78 instead of 121 for the active harmonic elimination method.
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(a)
(b)
Figure 6.12: Simulation of high order harmonic elimination optimization of active
harmonic elimination method with fundamental switching scheme (a) voltage waveform;
(b) normalized FFT analysis of line-line voltage (m = 3.79,THD = 3.03%)

(a)
(b)
Figure 6.13: Simulation of active harmonic elimination method with unipolar switching
scheme (a) voltage waveform; (b) normalized FFT analysis of line-line voltage (k1 = k2,
Vdc = 36 V, m = 1.460, THD = 14.1%)
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(a)
(b)
Figure 6.14: Simulation of active harmonic elimination method with unipolar switching
scheme (a) voltage waveform; (b) normalized FFT analysis of line-line voltage (k1 = 0.8,
k2 = 1, Vdc = 60 V, m = 1.120, THD = 19.13%)

(a)
(b)
Figure 6.15: Simulation of active harmonic elimination method with unipolar switching
scheme (a) voltage waveform; (b) normalized FFT analysis of line-line voltage (k1 =
0.75, k2 = 1, Vdc = 48 V, m = 1.080, THD = 19.19%)
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(a)
(b)
Figure 6.16: Simulation of active harmonic elimination method with unipolar switching
scheme (a) voltage waveform; (b) normalized FFT analysis of line-line voltage (k1 =
0.67, k2 = 1, Vdc = 36 V, m = 0.960, THD = 19.87%)

(a)
(b)
Figure 6.17: Simulation of active harmonic elimination method with unipolar switching
scheme (a) voltage waveform; (b) normalized FFT analysis of line-line voltage (k1 = 1, k2
= 1, k3 = 1, Vdc = 36 V, m = 1.500, THD = 6.69%)
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(a)
(b)
Figure 6.18: Simulation of active harmonic elimination method with unipolar switching
scheme (a) voltage waveform; (b) normalized FFT analysis of line-line voltage (k1 = 0.9,
k2 = 0.95, k3 = 1, Vdc = 38 V, m = 1.660, THD = 6.89%)

(a)
(b)
Figure 6.19: Simulation of active harmonic elimination method with unipolar switching
scheme (a) voltage waveform; (b) normalized FFT analysis of line-line voltage (k1 = 0.6,
k2 = 0.8, k3 = 1, Vdc = 60 V, m = 1.580, THD = 7.09%)
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(a)
(b)
Figure 6.20: Experiment of high order harmonic elimination optimization of active
harmonic elimination method with fundamental switching scheme (a) line-line voltage;
(b) normalized FFT analysis of line-line voltage (m = 3.79,THD = 3.52%)

6.5.2. Experiment for Optimized Active Harmonic Elimination Method with
Unipolar Switching Scheme

The simulation cases have been implemented on a multilevel converter. The
experiments are shown in Figures 6.21― 6.27.
For convenience, the THD for the theoretical computation, simulation, and
experiment are summarized in Table 6.1.
From Table 6.1, it can be derived that the THD for theoretical computation,
simulation, and experiment correspond very well. Therefore, the optimized active
harmonic elimination method is confirmed by simulation and experiment.

6.6. Summary

This chapter developed the optimized active harmonic elimination method which
eliminates high order harmonics by the fundamental frequency switching method and
eliminates low order harmonics by the active harmonic elimination method for multilevel
converter control.
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(a)

(b)

(c)
Figure 6.21: Experiment of active harmonic elimination method with unipolar switching
scheme (a) phase voltage waveform; (b) line-line voltage; (c) normalized FFT analysis of
line-line voltage (k1 = k2, Vdc = 36 V, m = 1.460, THD = 13.3%)
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(a)

(b)

(c)
Figure 6.22: Experiment of active harmonic elimination method with unipolar switching
scheme (a) phase voltage waveform; (b) line-line voltage; (c) normalized FFT analysis of
line-line voltage (k1 = 0.8, k2 = 1, Vdc = 60 V, m = 1.120, THD = 15.8%)

144

(a)

(b)

(c)
Figure 6.23: Experiment of active harmonic elimination method with unipolar switching
scheme (a) phase voltage waveform; (b) line-line voltage; (c) normalized FFT analysis of
line-line voltage (k1 = 0.75, k2 = 1, Vdc = 48 V, m = 1.080, THD = 17.4%)
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(a)

(b)

(c)
Figure 6.24: Experiment of active harmonic elimination method with unipolar switching
scheme (a) phase voltage waveform; (b) line-line voltage; (c) normalized FFT analysis of
line-line voltage (k1 = 0.67, k2 = 1, Vdc = 36V, m = 0.960, THD = 17.5%)
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(a)

(b)

(c)
Figure 6.25: Experiment of active harmonic elimination method with unipolar switching
scheme (a) phase voltage waveform; (b) line-line voltage; (c) normalized FFT analysis of
line-line voltage (k1 = 1, k2 = 1, k3 = 1, Vdc = 36V, m = 1.500, THD = 5.87%)
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(a)

(b)

(c)
Figure 6.26: Experiment of active harmonic elimination method with unipolar switching
scheme (a) phase voltage waveform; (b) line-line voltage; (c) normalized FFT analysis of
line-line voltage (k1 = 0.9, k2 = 0.95, k3 = 1, Vdc = 38V, m = 1.660, THD = 6.42%)
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(a)

(b)

(c)
Figure 6.27: Experiment of active harmonic elimination method with unipolar switching
scheme (a) phase voltage waveform; (b) line-line voltage; (c) normalized FFT analysis of
line-line voltage (k1 = 0.6, k2 = 0.8, k3 = 1, Vdc = 60V, m = 1.580, THD = 6.54%)
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Table 6.1 THD for optimized active harmonic elimination method
Optimization Case
Eliminating
high order
harmonics with m = 3.79
the fundamental Vdc = 36 V
switching
scheme
k1 = k2 = 1
m = 1.460
Vdc = 36 V
k1 = 0.8
k2 = 1
Vdc = 60 V
m = 1.120
k1 = 0.75
k2 = 1
Vdc = 48 V
m = 1.080
k1 = 0.67
k2 = 1
Eliminating
Vdc = 36 V
harmonics with
m = 0.960
the unipolar
k1 = 1
switching
k2 = 1
scheme
k3 = 1
Vdc = 36 V
m = 1.500
k1 = 0.9
k2 = 0.95
k3 = 1
Vdc = 38 V
m = 1.660
k1 = 0.6
k2 = 0.8
k3 = 1
Vdc = 60 V
m = 1.580

Theory

THD (%)
Simulation

Experiment

3.15

3.03

3.52

14.24

14.1

13.3

19.14

19.13

15.8

19.34

19.19

17.4

20.06

19.87

17.5

6.52

6.69

5.87

6.87

6.89

6.42

7.10

7.09

6.54
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The computational results show that the optimized active harmonic elimination
method with the fundamental frequency switching scheme can reduce the switching
frequency from that of the active harmonic elimination method developed in Chapter 4
and still achieve similar THD. The simulation and experiment validate that the optimized
active harmonic elimination method can eliminate the harmonics as expected, and the
switching frequency is lower than that of the active harmonic elimination method.
This chapter also extended the optimized active harmonic elimination method
with the unipolar switching scheme to directly eliminate the specified harmonics with
low switching frequency for unequal DC voltage case. The simulation and experiment
also confirm this method.
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7.

Hardware Implementation

The active harmonic elimination method and the optimized active harmonic
elimination method have been discussed in the previous chapters.
In this chapter, a controller will be developed to confirm the active harmonic
elimination method for practical applications. As digital controllers are the trend for
controller implementation, in this thesis work, a digital controller is used to verify the
proposed methods.
Personal computers, DSPs and field programmable gate arrays (FPGA) could be
used to do digital controller implementation. It is not easy for a personal computer to
achieve high real-time control performance because it needs to run a complicated
operating system. A DSP system has high real-time control performance but its cost is
high. An FPGA system has advantages of high real-time control performance and low
cost. For this reason, in this thesis, an FPGA controller is used to implement all of the
proposed methods.
7.1. FPGA Controller Implementation

The real-time FPGA controller is based on Altera FLEX 10K FPGA. The block
diagram of the controller is shown in Figure 7.1. The switching data are stored in a
12×1024 bits in-chip RAM. The RAM is used to store half cycle data up to a thirteenlevel multilevel converter. An oscillator generates a fixed frequency clock signal, and a
divider is used to generate the specified control clock signal corresponding to the
multilevel converter output frequency. Three phase address generators share a public
switching data RAM because they have the same switching data with different phase
angles, and the switching data is only for one half cycle because the switching data is
symmetric.
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Output Data Buffer

PCI
Interface

12x1024 bits
Switching Data

Address Selector
Phase A
Address
Generator

Phase B
Address
Generator

ThreePhase
Signal
Controller
Phase C
Address
Generator

Divider
Multilevel
Converter
Controller

Oscillator
fs

Figure 7.1: Block diagram for FPGA controller

For each step, the three-phase signal controller controls the address selector to
fetch the corresponding switching data from the RAM to the output buffer. Assume the
oscillator’s frequency is fs, the multilevel converter output frequency is f0, and there are
2048 steps for each fundamental frequency cycle.
To vary the output fundamental frequency for applications such as motor drive, a
divider is used to generate the desired frequency for the three-phase signal controller. The
divider number N is:
N = f s /( f 0 × 2048 )

(7.1)

The control resolution or the step size is:
T s = 1 /( f 0 × 2048 )

(7.2)

If the output frequency f0 is 60 Hz, the control resolution by (7.2) is 8.138 µs.

153

For convenience of interfacing with an operator, the FPGA controller is designed
as a card that can be plugged into a personal computer, which uses a peripheral
component interconnect (PCI) bus to communicate with the personal computer. The
whole system block is shown in Figure 7.2.
In this system shown in Figure 7.2, a personal computer is used to interface with
the user, compute the switching data, and store the switching data into the RAM of the
controller. The control signals are generated by FPGA hardware instead of software to
guarantee real-time control performance. The system structure also guarantees low
computational load of the microcomputer because it just computes the switching data
once for each modulation index m, and its computational time cannot disturb the system’s
control performance.

M u ltile v e l C o n v e r te r

F P G A C o n tr o lle r

PCI

BUS

M ic r o c o m p u te r

Figure 7.2: System block
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A 10 kW prototype three-phase 11-level cascaded H-bridge multilevel converter
is used for all the experiments. The multilevel converter is built by using 60 V, 70 A
MOSFETs as the switching devices, which is shown in Figure 7.3 (a). The motor used for
the experiments and the FPGA card are shown in Figure 7.3 (b) and Figure 7.3 (c),
respectively.
All the experiments shown in the previous chapters are done by this FPGA
controller.
7.2. Motor Load Experiments

To verify the function of the controller and the multilevel converter as a variable
voltage variable frequency motor drive, several experiments have been implemented.
The multilevel converter was attached to a three phase induction motor with the
following nameplate data:
Rated Horse Power = 1/2 hp
Rated Current = 1.6 A
Rated Speed = 1735 rpm
Rated Voltage = 230 V (RMS line-line @ 60Hz)
Figure 7.4 shows four motor phase current waveforms with modulation indices
3.85, 2.06, 1.42, and 1.42 and frequencies 60 Hz, 60 Hz, 30 Hz, and 60 Hz. The
experiments show that the controller can vary output voltage and frequency as expected.
It also can be seen from the experiments that three-phase currents are not well
balanced. This is because the batteries used for the experiments are 1.2 Ah. The capacity
is not very good to run a motor for long time, unbalance of batteries results in the
unbalance of phase currents. The unbalance can be eliminated by using high capacity
balanced batteries. Although the multilevel converter control methods with unequal DC
voltages are proposed in this thesis, they are used for time-invariant unequal DC voltage
systems. In the motor experiments, the unequal DC voltages are continuously dropping
with time, and the proposed methods cannot be applied to it. Therefore, further research
is needed for the time-variant unequal DC voltage systems. This is recommended in the
next Chapter.
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(a)

(b)

(c)
Figure 7.3: Experiment setup (a) 10 kW H-bridge multilevel converter prototype; (b)
induction motor load; (c) FPGA controller board
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(a)

(b)

(c)

(d)

Figure 7.4: motor phase current waveforms with different modulation indices and
different frequencies (a) m = 3.85, f = 60 Hz; (b) m = 2.06, f = 60 Hz; (c) m = 1.42, f = 30
Hz; (d) m = 1.42, f = 60 Hz.
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7.3. Summary

This chapter develops a FPGA controller to implement all of the proposed
harmonic elimination methods. The FPGA controller also can be used as a practical
motor drive controller to control a multilevel converter to output voltages with variable
modulation indices and variable frequencies.
All the experiments done in this thesis are implemented with the FPGA controller.
Induction motor drive experiments also verified the functions of the controller.
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8.

Conclusions and Recommendations

8.1. Conclusions

The current trend of modulation control for multilevel converters is to output high
quality power with high efficiency. For this reason, popular traditional PWM methods
and space vector PWM methods are not the best methods for multilevel converter control
due to their high switching frequency. The selective harmonic elimination method has
emerged as a promising modulation control method for multilevel converters. But the
major difficulty for the selective harmonic elimination method is to solve transcendental
equations characterizing harmonics, the solutions are not available for the whole
modulation index range, and it does not eliminate any number of specified harmonics to
satisfy the application requirements. To conquer the problem for the selective harmonic
elimination method, the resultant method is used to find all the solutions to the harmonic
equations and the active harmonic elimination method is proposed to eliminate any
number of harmonics and can be applied to the whole modulation index range for
multilevel converters to satisfy the application requirements.
Generally, if the order of harmonics to be eliminated is low, the resultant method
can be used to solve the transcendental equations by converting them into polynomial
equations using trigonometric identities. The resultant method can find all the solutions if
they exist. But if the order of harmonics to be eliminated is high, the resultant method is
not possible for the transcendental equations. The Newton climbing method is proposed
to conquer this problem. The Newton climbing method uses the solutions from the
resultant method for low order equations as initial guesses to get solutions for high order
equations. Although the Newton climbing method does not guarantee to find all the
solutions, it works very well to find most of the solutions if the solutions are continuous.
To extend the modulation index range for fundamental frequency switching scheme, the
triplen harmonic compensation method is proposed. The triplen harmonic compensation
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method can extend modulation index range by injecting triplen harmonics. This is shown
in Chapter 3.
The active harmonic elimination method is proposed in Chapter 4. The switching
angles solved by the resultant method or the Newton climbing method which eliminate
low order harmonics can be used to compute magnitudes and phases of high order
harmonics. A negative harmonic whose magnitude is equal to the harmonic to be
eliminated is generated to cancel the harmonic. By using such a method, an actively
generated harmonic can be used to eliminate a harmonic. Therefore, any number of
specified harmonics can be eliminated. The number of eliminated harmonics is not
limited by unknowns in the harmonic equations or available solutions.
The active harmonic elimination method can be extended to multilevel converters
with unequal DC voltages for H-bridge multilevel converters. This is proposed in Chapter
5. To extend the active harmonic elimination method to multilevel converters with
unequal DC voltages for H-bridge multilevel converters, first, the H-bridge multilevel
converter control is decoupled into control of several bi-level converters with unipolar
switching scheme; second, the lowest THD combination of the bi-level converters is
searched; then the active harmonic elimination method is used to eliminate the specified
harmonics.
The active harmonic elimination method can be optimized to decrease the
switching frequency. This is proposed in Chapter 6. The first optimization method is to
reverse the order of harmonic elimination. High order harmonics can be eliminated by
solving harmonic equations, and low order harmonics can be eliminated by active
harmonic elimination method. This optimization method can dramatically decrease the
switching frequency. It has the advantage of easy computation, and can also be applied to
multilevel converter with unequal DC voltages. The second optimization method is to
search for low harmonic distortion combinations, and use the corresponding angles as
initial guesses for the Newton climbing method by decoupling the multilevel converter
control into control of several unipolar converters. The second method has lower
switching frequency than that of the first optimization method. But solutions to the
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second optimization method just can be found in part of the modulation index range
while the first optimization method can be applied to the whole modulation index range.
To experimentally confirm the proposed harmonic elimination methods, a FPGA
controller is proposed and developed. All of the proposed harmonic elimination methods
are validated by experiments with the FPGA controller and a 10 kW H-bridge multilevel
converter prototype. The FPGA controller can also be used as a motor drive controller to
output three-phase variable modulation index voltages with variable frequencies. This is
also confirmed by experiments.
8.2. Contributions

For this thesis work, the contributions made to the existing body of knowledge
can be summarized as follows.
1.

The resultant method is used to solve transcendental equations to eliminate low
order harmonics. The resultant method can find all the solutions if they exist.
Therefore, the lowest THD solution can be used for practical application for the
best control performance.

2.

The Newton climbing method is proposed for high order harmonic elimination.
This method uses solutions from the resultant method as initial guesses for high
order harmonic elimination and has fast convergence if a solution exists.

3.

The triplen harmonic compensation method is proposed to extend the modulation
index range for the fundamental frequency switching scheme by injecting triplen
harmonics.

4.

The active harmonic elimination method is proposed to eliminate any number of
harmonics. This method eliminates harmonics by generating negative harmonics
with switching angles from the resultant method or the Newton climbing method.

5.

The active harmonic elimination method with unequal DC voltages is proposed,
which is an extension of the active harmonic elimination method. This method
decouples a cascaded H-bridge multilevel converter control into control of several
bi-level converters with unipolar switching scheme, and eliminates any number of
specified harmonics.
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6.

The optimized active harmonic elimination method is proposed to decrease the
switching frequency for the active harmonic elimination method. The first
optimization method is to eliminate high order harmonics using the fundamental
frequency switching scheme or unipolor switching scheme, and to eliminate low
order harmonics with the active harmonic elimination method. This method can
be applied to the whole modulation index range and extended to unequal DC
voltage cases. The second optimization method is to search for a low harmonic
distortion combination, and use the corresponding angles as initial guess for the
Newton climbing method. This method can also be extended to unequal DC
voltage cases, but it is limited by the available solutions.

7.

An FPGA controller is proposed and developed to experimentally validate all of
the proposed harmonic elimination method with a 10 kW H-bridge multilevel
converter. The FPGA controller is also developed as a variable voltage variable
frequency motor drive controller and verified by three-phase induction motor
experiments.

8.3. Recommendations for Future Work

This thesis work focuses on harmonic elimination for multilevel converters with a
preset switching scheme. The major difficulty is to solve the transcendental equation for
harmonic contents. The resultant method can solve low order harmonic equations, but
cannot solve high order harmonic equations. The Newton climbing method does not
guarantee to find all the solutions. Therefore, significant research work is required to find
high efficiency, low cost algorithm to solve the high order harmonic equations.
The optimized active harmonic elimination method with the fundamental
frequency switching scheme and the unipolar switching scheme has higher switching
frequency and wider modulation index range than that of the optimized active harmonic
elimination method using the Newton climbing method to directly search for the
switching angles. The solutions to the second optimized active harmonic elimination
method just exist in a limited range, especially for unequal DC voltage cases. It is
recommended here to propose new algorithms to further decrease the switching
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frequency for the first optimized active harmonic elimination method and to extend the
modulation index range for the second optimized active harmonic elimination method.
In this thesis, switching angles for each bi-level converter are equal. If the
switching angle numbers for each bi-level converter are not equal, it may be possible to
find more solutions for a wider modulation index range. It is here recommended to
propose new algorithms to eliminate harmonics with unequal switching angles for
different bi-level converters.
In this thesis, switching scheme for the active harmonic elimination method with
unequal DC voltages and the optimized active harmonic elimination method is 5-angle
unipolar switching scheme. For practical applications, other switching scheme can also
be used for computation. It is recommended to use several switching schemes for
computation and choose the optimal one for practical systems.
All the proposed methods in this thesis are for time-invariant systems. This
assumes all the equal or unequal voltages will not change with time. However, the
voltages for practical systems will change with time. For example, in the motor
experiments of the thesis, the voltages of the batteries are changing with time. Therefore,
it is recommended to propose new real-time algorithms to eliminate harmonics for timevariant systems.

163

References

164

[1] D. G. Holmes and T. A. Lipo, Pulse width modulation for power converters, IEEE
press, 2003.
[2] L. M. Tolbert, F. Z. Peng, T. G. Habetler, “Multilevel Converters for Large Electric
Drives,” IEEE Transactions on Industry Applications, vol. 35, no. 1, Jan./Feb. 1999,
pp. 36-44.
[3] P. N. Enjeti, P. D. Ziogas, J. F. Lindsay, “Programmed PWM Techniques to eliminate
Harmonics: A Critical Evaluation,” IEEE Transactions on Industry Applications, vol.
26, no. 2, March/April. 1990. pp. 302 – 316.
[4] A. Nabae, I. Takahashi, and H. Akagi, “A new neutral-point clamped PWM
converter,” IEEE Transactions on Industry Applications, vol. IA-17, pp. 518–523,
Sept./Oct. 1981.
[5] X. Yuan, H. Stemmler, and I. Barbi, “Investigation on the clamping voltage selfbalancing of the three-level capacitor clamping converter,” in Proc. IEEE PESC’99,
1999, pp. 1059–1064.
[6] C. Hochgraf, R. Lasseter, D. Divan, and T. A. Lipo, “Comparison of multilevel
converters for static var compensation,” in Conf. Rec. IEEE-IAS Annu. Meeting, Oct.
1994, pp. 921–928.
[7] P. Hammond, “A new approach to enhance power quality for medium voltage ac
drives,” IEEE Transactions on Industry Applications, vol. 33, pp. 202–208, Jan./Feb.
1997.
[8] E. Cengelci, S. U. Sulistijo, B. O. Woom, P. Enjeti, R. Teodorescu, and F. Blaabjerge,
“A new medium voltage PWM converter topology for adjustable speed drives,” in
Conf. Rec. IEEE-IAS Annu. Meeting, St. Louis, MO, Oct. 1998, pp. 1416–1423.
[9] F. Z. Peng, “A generalized multilevel converter topology with self voltage balancing,”
IEEE Transactions on Industry Applications, vol. 37, pp. 611–618, Mar./Apr. 2001.
[10] W. A. Hill and C. D. Harbourt, “Performance of medium voltage multilevel
converters,” in Conf. Rec. IEEE-IAS Annu. Meeting, Pheonix, AZ, Oct. 1999, pp.
1186–1192.
[11] M. D. Manjrekar, P. K. Steimer, and T. A. Lipo, “Hybrid multilevel power
conversion system: a competitive solution for high-power applications,” IEEE
Transactions on Industry Applications, vol. 36, pp. 834–841, May/June 2000.
[12] J. S. Lai and F. Z. Peng, “Multilevel converters – A new breed of power converters,”
IEEE Transactions on Industry Applications, vol. 32, no. 3, May/June 1996, pp. 509517.
[13] J. Rodríguez, J. Lai, and F. Peng, “Multilevel converters: a survey of topologies,
controls and applications,” IEEE Transaction on Industrial Electronics, vol. 49, no. 4,
Aug. 2002, pp. 724-738.
165

[14] K. J. McKenzie, “Eliminating harmonics in a cascaded H-bridges multilevel
converter using resultant theory, symmetric polynomials, and power sums,” Master
thesis, 2004.
[15] Feel-soon Kang, Sung-Jun Park, Kim, C.-U., “Multilevel converter employing
cascaded transformers”, in IEEE IECON. Roanoke, Virginia, Nov. 2003, pp. 2185 –
2190.
[16] B. Ozpineci, Z. Du, L. M. Tolbert, D. J. Adams, and D. Collins, “Integrating
Multiple Solid Oxide Fuel Cell Modules”, IEEE IECON. Roanoke, Virginia, Nov.
2003, CD-ROM.
[17] L. M. Tolbert, J. N. Chiasson, K. McKenzie, Z. Du, “Elimination of Harmonics in a
Multilevel Converter with Non Equal DC Sources,” IEEE Applied Power Electronics
Conference (APEC 2003), February 9-13, 2003, Miami, Florida, pp. 589-595.
[18] C. K. Duffey, R. P. Stratford, “Update of harmonic standard IEEE-519: IEEE
recommended practices and requirements for harmonic control in electric power
systems,” IEEE Transactions on Industry Applications, vol. 25, no. 6, Nov./Dec.
1989, pp. 1025-1034.
[19] J. N. Chiasson, L. M. Tolbert, K. J. McKenzie, Z. Du, “A Complete Solution to the
Harmonic Elimination Problem,” IEEE Transactions on Power Electronics, March
2004, vol. 19, no. 2, pp. 491-499.
[20] J. N. Chiasson, L. M. Tolbert, K. J. McKenzie, Z. Du, “Control of a Multilevel
Converter Using Resultant Theory,” IEEE Transactions on Control System Theory,
vol. 11, no. 3, May 2003, pp. 345-354.
[21] J. N. Chiasson, L. M. Tolbert, K. J. McKenzie, Z. Du, “A New Approach to Solving
the Harmonic Elimination Equations for a Multilevel Converter,” IEEE Industry
Applications Society Annual Meeting, October 12-16, 2003, Salt Lake City, Utah, pp.
640-645.
[22] F. Z. Peng, J. W. McKeever, and D. J. Adams, “A power line conditioner using
cascade multilevel converters for distribution systems,” IEEE Industry Applications
Society Annual Meeting, New Orleans, LA, Oct. 1997, pp. 1316–1321.
[23] F. Z. Peng, J. W. McKeever, and D. J. Adams, “Cascade multilevel converters for
utility applications,” IEEE IECON, New Orleans, LA, Nov. 1997, pp. 437–442.
[24] N. Celanovic and D. Boroyevic, “A fast space vector modulation algorithm for
multilevel three-phase converters,” IEEE Industry Applications Society Annual
Meeting, Phoenix, AZ, Oct. 1999, pp. 1173–1177.
[25] J. Rodríguez, P. Correa, and L. Morán, “A vector control technique for medium
voltage multilevel converters,” IEEE APEC, Anaheim, CA, Mar. 2001, pp. 173–178.
[26] L. Tolbert and T. G. Habetler, “Novel multilevel converter carrier-based PWM
method,” IEEE Transactions on Industry Applications, vol. 35, pp. 1098–1107,
Sept./Oct. 1999.

166

[27] Y. Liang and C. O. Nwankpa, “A new type of STATCOM Based on cascading
voltage-source converters with phase-shifted unipolar SPWM,” IEEE Transactions
on Industry Applications, vol. 35, pp. 1118–1123, Sept./Oct. 1999.
[28] H. S. Patel and R. G. Hoft, “Generalized harmonic elimination and voltage control in
thyristor converters: Part I –harmonic elimination,” IEEE Transactions on Industry
Applications, vol. 9, May/June 1973. pp. 310-317.
[29] H. S. Patel and R. G. Hoft, “Generalized harmonic elimination and voltage control in
thyristor converters: Part II –voltage control technique,” IEEE Transactions on
Industry Applications, vol. 10, Sept./Oct. 1974, pp. 666-673.
[30] L. Li, D. Czarkowski, Y. Liu, and P. Pillay, “Multilevel selective harmonic
elimination PWM technique in series-connected voltage converters,” IEEE
Transactions on Industry Applications, Vol. 36, no. 1, Jan.-Feb. 2000, pp. 160 – 170.
[31] S. Sirisukprasert, J. S. Lai, and T. H. Liu, “Optimum harmonic reduction with a wide
range of modulation indexes for multilevel converters,” IEEE Transactions on
Industrial Electronics, Vol. 49, Issue: 4, Aug. 2002, pp. 875 – 881.
[32] J. Rodríguez, L. Morán, C. Silva, and P. Correa, “A high performance vector control
of a 11-level converter,” in Proc. 3rd Int. Power Electronics and Motion Control
Conf., Beijing, China, Aug. 2000, pp. 1116–1121.
[33] B. N. Mwinyiwiwa, Z.Wolanski, and B. T. Ooi, “Microprocessor implemented
SPWM for multiconverters with phase-shifted triangle carriers,” IEEE Industry
Applications Society Annual Meeting, New Orleans, LA, Oct. 1997, pp. 1542–1549.
[34] V. G. Agelidis and M. Calais, “Application specific harmonic performance
evaluation of multicarrier PWM techniques,” IEEE PESC, Fukuoka, Japan, May
1998, pp. 172–178.
[35] Y. H. Lee, R. Y. Kim, and D. S. Hyun, “A novel SVPWM strategy considering DClink balancing for a multi-level voltage source converter,” IEEE APEC, 1998, pp.
509–514.
[36] B. P. McGrath, D. G. Holmes, and T. A. Lipo, “Optimized space vector switching
sequences for multilevel converters,” IEEE APEC, Anaheim, CA, Mar. 4–8, 2001,
pp. 1123–1129.
[37] J. Mahdavi, A. Agah, A. M. Ranjbar, and H. A. Toliyat, “Extension of PWM space
vector technique for multilevel current-controlled voltage source converters,” IEEE
IECON, San Jose, CA, Nov. 29–Dec. 3, 1999, pp. 583–588.
[38] L. Li, D. Czarkowski, Y. Liu, and P. Pillay, “Multilevel space vector PWM
technique based on phase-shift harmonic suppression,” IEEE APEC, New Orleans,
LA, Feb. 2000, pp. 535–541.
[39] M. Manjrekar and G. Venkataramanan, “Advanced topologies and modulation
strategies for multilevel converters,” IEEE PESC, Baveno, Italy, June 1996, pp.
1013–1018.
167

[40] D. G. Holmes and B. P. McGrath, “Opportunities for harmonic cancellation with
carrier-based PWM for two-level and multilevel cascaded converters,” IEEE
Transactions on Industry Applications, vol. 37, pp. 574–582, Mar./Apr. 2001.
[41] D. W. Kang et al., “Improved carrier wave-based SVPWM method using phase
voltage redundancies for generalized cascaded multilevel converter topology,” IEEE
APEC, New Orleans, LA, Feb. 2000, pp. 542–548.
[42] F. Z. Peng and J. S. Lai, “A static var generator using a staircase waveform
multilevel voltage-source converter,” in Proc. Seventh Int. Power Quality Conf.,
Dallas, TX, Sept. 1994, pp. 58–66.
[43] F. Z. Peng, J. S. Lai, J.W. McKeever, and J.VanCoevering, “A multilevel voltagesource converter with separate DC sources for static var generation,” IEEE
Transactions on Industry Applications, vol. 32, pp. 1130–1138, Sept. 1996.
[44] M. P. Steimer and J. K. Steinke, “Five level GTO converters for large induction
motor drives,” in Conf. Rec. IEEE-IAS Annu. Meeting, Oct. 1993, pp. 595–601.
[45] A. Campagna et al., “A new generalized multilevel three-phase structure controlled
by PWM,” in Proc. Fourth European Conf. Power Electronics and Applications,
1991, pp. 235–240.
[46] N. S. Choi, J. G. Cho, and G. H. Cho, “A general circuit topology of multilevel
converter,” in Proc. IEEE PESC’91, June 1991, pp. 96–103.
[47] T. A. Meynard and H. Foch, “Multilevel converters and derived topologies for high
power conversion,” in Proc. 1995 IEEE 21st Int. Conf. Industrial Electronics,
Control, and Instrumentation, Nov. 1995, pp. 21–26.

168

Vita
Zhong Du received his B.S. in July 1996 majoring in process automation instrumentation
and M.S. in June 1999 majoring in power machinery and engineering both from Tsinghua
University, Beijing, China. He joined the computer and information management center
of Tsinghua University as a system engineer and an Oracle database lecturer in 1999.
From March 2001 to August 2001, he worked as a software engineer working on
computer networks security in Servgate Company, Vancouver, Canada.

Zhong Du enrolled in doctoral program in the Department of Electrical and Computer
Engineering at University of Tennessee, Knoxville, TN, in 2001. He joined the power
electronics laboratory as a graduate research assistant, working on modulation control for
multilevel converters and fuel cell control. He will graduate with a Doctor of Philosophy
in electrical engineering from the University of Tennessee in May 2005.

169

